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Abstract Barycentric coordinates are commonly used in Euclidean
geometry. Following the adaptation of barycentric coordinates for
use in hyperbolic geometry in recently published books on analytic
hyperbolic geometry, known and novel results concerning triangles
and circles in the hyperbolic geometry of Lobachevsky and Bolyai
are discovered. Among the novel results are the hyperbolic counter-
parts of important theorems in Euclidean geometry. These are: (1)
the Inscribed Gyroangle Theorem, (ii) the Gyrotangent-Gyrosecant
Theorem, (iii) the Intersecting Gyrosecants Theorem, and (iv) the
Intersecting Gyrochord Theorem. Here in gyrolanguage, the lan-
guage of analytic hyperbolic geometry, we prefix a gyro to any term
that describes a concept in Euclidean geometry and in associative
algebra to mean the analogous concept in hyperbolic geometry and
nonassociative algebra. Outstanding examples are gyrogroups and
gyrovector spaces, and Einstein addition being both gyrocommuta-
tive and gyroassociative. The prefix “gyro” stems from “gyration”,
which is the mathematical abstraction of the special relativistic
effect known as “Thomas precession”.
1. Introduction
A barycenter in astronomy is the point between two objects where they balance
each other. It is the center of gravity where two or more celestial bodies orbit
each other. In 1827 Mo¨bius published a book whose title, Der Barycentrische
Calcul, translates as The Barycentric Calculus. The word barycentric means center
of gravity, but the book is entirely geometrical and, hence, called by Jeremy Gray
[5],Mo¨bius’s Geometrical Mechanics. The 1827 Mo¨bius book is best remembered for
introducing a new system of coordinates, the barycentric coordinates. The historical
contribution of Mo¨bius’ barycentric coordinates to vector analysis is described in
[1, pp. 48–50].
Commonly used as a tool in the study of Euclidean geometry, barycentric coordi-
nates have been adapted for use as a tool in the study of the hyperbolic geometry of
Lobachevsky and Bolyai as well, in several recently published books [20, 22, 25, 26].
1
2Relativistic hyperbolic geometry is a model of analytic hyperbolic geometry in
which Einstein addition plays the role of vector addition. Einstein addition is a
binary operation in the ball of vector spaces, which is neither commutative nor
associative. However, Einstein addition is both gyrocommutative and gyroassocia-
tive, giving rise to gyrogroups and gyrovector spaces. The latter, in turn, form the
algebraic setting for relativistic hyperbolic geometry, just as vector spaces form the
algebraic setting for the standard model of Euclidean geometry.
Relativistic hyperbolic geometry admits the notion of relativistic hyperbolic
barycentric coordinates, just as Euclidean geometry admits the notion of Euclidean
barycentric coordinates. Relativistic hyperbolic barycentric coordinates and clas-
sical Euclidean barycentric coordinates share remarkable analogies. In particular,
they are both covariant. Indeed, Relativistic barycentric coordinate representations
are covariant with respect to the Lorentz coordinate transformation group, just as
classical, Euclidean barycentric coordinate representations are covariant with re-
spect to the Galilean coordinate transformation group. The remarkable analogies
suggest that hyperbolic barycentric coordinates can prove useful in the study of
hyperbolic geometry, just as Euclidean barycentric coordinates prove useful in the
study of Euclidean geometry.
Indeed, following the adaptation of Euclidean barycentric coordinates for use in
hyperbolic geometry, where they are called gyrobarycentric coordinates, we employ
here the technique of gyrobarycentric coordinates to rediscover and discover known
and new results in hyperbolic geometry. An introduction to hyperbolic barycentric
coordinates and their application in hyperbolic geometry is found in [29]. Some
familiarity with relativistic hyperbolic geometry as studied in [29] is assumed. Rel-
ativistic hyperbolic geometry is studied extensively in [20, 22, 25, 26]; see also
[19, 23, 30, 12, 13] and [16, 17, 18, 21, 24, 28].
Among the novel results in hyperbolic geometry that are discovered here are the
following outstanding results:
(1) The Inscribed Gyroangle Theorem, which is the hyperbolic counterpart of
the well-known Inscribed Angle Theorem in Euclidean geometry (Sects. 9 –
10).
(2) The Gyrotangent-Gyrosecant Theorem, which is the hyperbolic counter-
part of the well-known Tangent-Secant Theorem in Euclidean geometry
(Sect. 13).
(3) The Intersecting Gyrosecants Theorem, which is the hyperbolic counter-
part of the well-known Intersecting Secants Theorem in Euclidean geometry
(Sect. 14).
(4) The Intersecting Gyrochords Theorem, which is the hyperbolic counter-
part of the well-known Intersecting Chords Theorem in Euclidean geometry
(Sect. 26).
The prefix “gyro” that we extensively use stems from the term “gyration” [27],
which is the mathematical abstraction of the special relativistic effect known as
“Thomas precession”.
3The use of nonassociative algebra and hyperbolic trigonometry (gyrotrigonome-
try) involves staightforward, but complicates calculations. Hence, computer alge-
bra, like Mathematica, for algebraic manipulations is an indispensable tool in this
work.
2. Einstein Addition
Our journey into the fascinating world of relativistic hyperbolic geometry begins
in Einstein addition and passes through important novel theorems that capture re-
markable analogies between Euclidean and hyperbolic geometry. Einstein addition,
in turn, is the binary operation that stems from Einstein’s composition law of rela-
tivistically admissible velocities that he introduced in his 1905 paper [2] [3, p. 141]
that founded the special theory of relativity.
Let c be an arbitrarily fixed positive constant and let Rn = (Rn,+, ·) be the
Euclidean n-space, n = 1, 2, 3, . . . , equipped with the common vector addition, +,
and inner product, ·. The home of all n-dimensional Einsteinian velocities is the
c-ball
(1) Rnc = {v ∈ Rn : ‖v‖ < c}
It is the open ball of radius c, centered at the origin of Rn, consisting of all vectors
v in Rn with norm smaller than c.
Einstein addition and scalar multiplication play in the ball Rnc the role that vector
addition and scalar multiplication play in the Euclidean n-space Rn.
Definition 1. Einstein addition is a binary operation, ⊕, in the c-ball Rnc given by
the equation, [19], [14, Eq. 2.9.2],[11, p. 55],[4],
(2) u⊕v = 1
1 + u·v
c2
{
u+
1
γ
u
v +
1
c2
γu
1 + γu
(u·v)u
}
for all u,v ∈ Rnc , where γu is the Lorentz gamma factor given by the equation
(3) γ
v
=
1√
1− ‖v‖
2
c2
where u·v and ‖v‖ are the inner product and the norm in the ball, which the ball
Rnc inherits from its space R
n.
A frequently used identity that follows immediately from (3) is
(4)
v2
c2
=
‖v‖2
c2
=
γ2
v
− 1
γ2
v
A nonempty set with a binary operation is called a groupoid so that, accordingly,
the pair (Rnc ,⊕) is an Einstein groupoid.
In the Newtonian limit of large c, c→∞, the ball Rnc expands to the whole of its
space Rn, as we see from (1), and Einstein addition ⊕ in Rnc reduces to the ordinary
vector addition + in Rn, as we see from (2) and (3).
4In applications to velocity spaces, Rn = R3 is the Euclidean 3-space, which is the
space of all classical, Newtonian velocities, and Rnc = R
3
c ⊂ R3 is the c-ball of R3
of all relativistically admissible, Einsteinian velocities. The constant c represents in
special relativity the vacuum speed of light. Since we are interested in geometry,
we allow n to be any positive integer and, sometimes, replace c by s.
We naturally use the abbreviation u⊖v = u⊕(−v) for Einstein subtraction, so
that, for instance, v⊖v = 0, ⊖v = 0⊖v = −v. Einstein addition and subtraction
satisfy the equations
(5) ⊖(u⊕v) = ⊖u⊖v
and
(6) ⊖u⊕(u⊕v) = v
for all u,v in the ball Rnc , in full analogy with vector addition and subtraction in R
n.
Identity (5) is called the gyroautomorphic inverse property of Einstein addition, and
Identity (6) is called the left cancellation law of Einstein addition. We may note that
Einstein addition does not obey the naive right counterpart of the left cancellation
law (6) since, in general,
(7) (u⊕v)⊖v 6= u
However, this seemingly lack of a right cancellation law of Einstein addition is
repaired, for instance, in [26, Sect. 1.9].
Finally, as demonstrated in [29] and in [19, 20, 22, 23, 25, 26], Einstein addition
admits scalar multiplication, giving rise to Einstein gyrovector spaces. These, in
turn, form the algebraic setting for relativistic model of hyperbolic geometry, just
as vector spaces form the algebraic setting for the standard model of Euclidean
geometry. A brief description of the road from Einstein addition to gyrogroups and
gyrovector spaces, necessary for a fruitful reading of this chapter, is found in [29].
3. Gyrocircles
Assuming familiarity with Einstein gyrovector spaces, as studied in [29], and par-
ticularly with the concepts of gyrobarycentric independence, gyroflats and hyperbolic
span in [29, Def. 13], the gyrocircle definition follows.
Definition 2. (Gyrocircle). Let S = {A1, A2, A3} be a gyrobarycentrically inde-
pendent set in an Einstein gyrovector space (Rns ,⊕,⊗), n ≥ 2, and let
(8) A3 = A1⊕Span{⊖A1⊕A2,⊖A1⊕A3} ⊂ Rn .
The locus of a point in A3 ∩ Rns which is at a constant gyrodistance r from a fixed
point O∈A3 ∩Rns is a gyrocircle C(r,O) with gyrocenter O and gyroradius r.
The gyrocircle C(r,O) with gyroradius r, 0 < r < s, and gyrocenter O ∈ R2s in
an Einstein gyrovector plane (R2s,⊕,⊗) is the set of all points P ∈ R2s such that
‖⊖P⊕O‖ = r. It is given by the equation
(9) C(r,O, θ) = O ⊕
(
r cos θ
r sin θ
)
,
5Figure 1. A sequence of gyrocircles with gyroradius 13 in an
Einstein gyrovector plane R2s=1 with gyrocenters approaching the
boundary of the open unit disc R2s=1 is shown. The center of
the disc is conformal. Hence, the gyrocircle with gyrocenter at
the center of the disc coincides with a Euclidean circle. The Eu-
clidean circle is increasingly flattened as its gyrocenter approaches
the boundary of the disc.
0 ≤ θ < 2π. Indeed, by the left cancellation law we have
(10) ‖⊖O⊕C(r,O, θ)‖ =
∥∥∥∥
(
r cos θ
r sin θ
)∥∥∥∥ = r .
A sequence of gyrocircles of gyroradius 13 in an Einstein gyrovector plane R
2
s=1
with gyrocenters approaching the boundary of the open unit disc R2s=1 is shown in
Fig. 1. The center of the disc in Fig. 1 is conformal, as explained in [26, Sect. 6.2].
Accordingly, a gyrocircle with gyrocenter at the center of the disc is identical to
a Euclidean circle. This Euclidean circle is increasingly flattened in the Euclidean
sense when the gyrocircle gyrocenter approaches the boundary of the disc.
4. Gyrotriangle Circumgyrocenter
Definition 3. (Gyrotriangle Circumgyrocircle, Circumgyrocenter, Cir-
cumgyroradius). Let A1A2A3 be a gyrotriangle in an Einstein gyrovector space
(Rns ,⊕,⊗), n ≥ 2, and let A3 be the set
(11) A3 = A1⊕Span{⊖A1⊕A2,⊖A1⊕A3} ⊂ Rn .
The circumgyrocenter of the gyrotriangle is the point O, O ∈ A3∩Rns , equigyrodistant
from the three gyrotriangle vertices. The gyrodistance from O to each vertex Ak, k =
1, 2, 3, of the gyrotriangle is the gyrotriangle circumgyroradius, and the gyrocircle
with gyrocenter O and gyroradius r in A3 ∩Rns is the gyrotriangle circumgyrocircle.
6PSfrag replacements
A1
A2
A3
O
a23
a
3
1
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1
3
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2
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⊖A2⊕A3
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⊖
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A
1
a 1
2
=
⊖A
1
⊕A
2
α 1
α2
α3
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a23 = ‖a23‖ = ‖⊖A2⊕A3‖
cosα1 =
⊖A1⊕A2
‖⊖A1⊕A2‖ · ⊖A1⊕A3‖⊖A1⊕A3‖
cosα2 =
⊖A2⊕A1
‖⊖A2⊕A1‖ · ⊖A2⊕A3‖⊖A2⊕A3‖
cosα3 =
⊖A3⊕A1
‖⊖A3⊕A1‖ ·
⊖A3⊕A2
‖⊖A3⊕A2‖
O =
∑
3
k=1 mkγAk
Ak
∑
3
k=1mkγAk
Figure 2. The circumgyrocircle, and the circumgyrocenter O, of
gyrotriangle A1A2A3 in an Einstein gyrovector space (R
n
s ,⊕,⊗),
n = 2, is shown along with its associated index notation. Here
‖⊖A1⊕O‖ = ‖⊖A2⊕O‖ = ‖⊖A3⊕O‖, where O is the gyrotri-
angle circumgyrocenter, given by its gyrobarycentric representa-
tion (39), with respect to the gyrobarycentrically independent set
S = {A1, A2, A3}. The Euclidean counterpart of this figure is
shown in Fig. 3, p. 13.
It should be noted that not every gyrotriangle in Rns possesses a circumgyrocenter.
Let A1A2A3 be a gyrotriangle in an Einstein gyrovector space (R
n
s ,⊕,⊗) that
possesses a circumgyrocircle, and let O ∈ A3 ∩ Rns be the circumgyrocenter of the
gyrotriangle, as shown in Fig. 2. Then, O possesses a gyrobarycentric representa-
tion,
(12) O =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
,
with respect to the gyrobarycentrically independent set S = {A1, A2, A3}. The
gyrobarycentric coordinates m1,m2 and m3 are to be determined in (20) below, in
terms of gamma factors of the gyrotriangle sides and, alternatively in (34), in terms
of the gyrotriangle gyroangles.
7Following the Gyrobarycentric representation Gyrocovariance Theorem, [26, The-
orem 4.6, pp. 90-91], with a left gyrotranslation by X = ⊖A1, and using the index
notation
(13) aij = ⊖Ai⊕Aj , aij = ‖aij‖ , γij = γaij = γaij ,
noting that aij = aji, γij = γji , aii = 0, aii = 0 and γii = 1. we have
γ
⊖A1⊕O
=
m1γ⊖A1⊕A1 +m2γ⊖A1⊕A2 +m3γ⊖A1⊕A3
mO
=
m1 +m2γ12 +m3γ13
mO
,
(14)
where by [26, Eq. (4.27), p. 90] and the Gyrobarycentric representation Gyrocovari-
ance Theorem, [26, Theorem 4.6, pp. 90-91], the circumgyrocenter gyrobarycentric
representation constant mO > 0 with respect to the set of the gyrotriangle vertices
is given by the equation
(15) m2O = m
2
1 +m
2
2 +m
2
3 + 2(m1m2γ12 +m1m3γ13 +m2m3γ23) .
Similarly, by the Gyrobarycentric representation Gyrocovariance Theorem, [26,
Theorem 4.6, pp. 90-91], with left gyrotranslations by X = ⊖A1, by X = ⊖A2, and
by X = ⊖A3, we have, respectively,
γ
⊖A1⊕O
=
m1 +m2γ12 +m3γ13
mO
γ
⊖A2⊕O
=
m1γ12 +m2 +m3γ23
mO
γ
⊖A3⊕O
=
m1γ13 +m2γ23 +m3
mO
.
(16)
The condition that the circumgyrocenter O is equigyrodistant from its gyrotri-
angle vertices A1, A2, and A3 implies
(17) γ
⊖A1⊕O
= γ
⊖A2⊕O
= γ
⊖A3⊕O
.
Equations (16) and (17), along with the normalization condition m1+m2+m3 =
1, yield the following system of three equations for the three unknowns m1,m2, and
m3,
m1 +m2 +m3 = 1
m1 +m2γ12 +m3γ13 = m1γ13 +m2γ23 +m3
m1γ12 +m2 +m3γ23 = m1γ13 +m2γ23 +m3 ,
(18)
which can be written as the matrix equation,
(19)


1 1 1
1− γ13 γ12 − γ23 γ13 − 1
γ12 − γ13 1− γ23 γ23 − 1




m1
m2
m3

 =


1
0
0

 .
8Solving (19) for the unknowns m1,m2, and m3, we have
m1 =
1
D
( γ12 + γ13 − γ23 − 1)(γ23 − 1)
m2 =
1
D
( γ12 − γ13 + γ23 − 1)(γ13 − 1)
m3 =
1
D
(−γ12 + γ13 + γ23 − 1)(γ12 − 1) ,
(20)
where D is the determinant of the 3×3 matrix in (19),
D = 2(γ12γ13 + γ12γ23 + γ13γ23)
− (γ212 − 1)− (γ213 − 1)− (γ223 − 1)− 2(γ12 + γ13 + γ23)
= 1 + 2γ12γ13γ23 − γ212 − γ213 − γ223 − 2(γ12 − 1)(γ13 − 1)(γ23 − 1) .
(21)
Gyrotrigonometric substitutions into the extreme right-hand side of (21) from
[26, Sect. 7.12] give the gyrotrigonometric representation of D,
D =
16F 2
sin2 α1 sin
2 α2 sin
2 α3
− 16F
sin2 α1 sin
2 α2 sin
2 α3
sin2 δ2
=
16F
sin2 α1 sin
2 α2 sin
2 α3
(F − sin2 δ2 )
=
16F
sin2 α1 sin
2 α2 sin
2 α3
sin δ2
× {sin(α1 + δ2 ) sin(α2 + δ2 ) sin(α3 + δ2 )− sin δ2} ,
(22)
where δ = π − α1 − α2 − α3 is the defect of gyrotriangle A1A2A3, and where
(23) F = F (α1, α2, α3) = sin
δ
2 sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 ) .
The extreme right-hand side of 22 is the product of two factors the first of
which is positive. The second factor is positive if and only if the gyrotriangle
circumgyrocenter O ∈ Rn lies inside the ball Rns , as we will see in Theorem 4, p. 11.
This factor vanishes if and only if O lies on the boundary of the ball Rns , and it is
negative if and only if O lies outside the closure of the ball Rns , as we will see in
Theorem 4.
The circumgyrocenter O of gyrotriangle A1A2A3 is given by (12) where the gyro-
barycentric coordinates m1,m2, and m3 are given by (20). Since in gyrobarycentric
coordinates only ratios of coordinates are relevant, the gyrobarycentric coordinates,
m1,m2, and m3 in (20) can be simplified by removing their common nonzero factor
1/D.
Gyrobarycentric coordinates, m1,m2, and m3, of the circumgyrocenter O of gy-
rotriangle A1A2A3 are thus given by the equations
m′1 = ( γ12 + γ13 − γ23 − 1)(γ23 − 1)
m′2 = ( γ12 − γ13 + γ23 − 1)(γ13 − 1)
m′3 = (−γ12 + γ13 + γ23 − 1)(γ12 − 1) .
(24)
9Hence, by (15) along with the gyrobarycentric coordinates in (24), we have
m2O = (1 + 2γ12γ13γ23 − γ212 − γ213 − γ223)
× {1 + 2γ12γ13γ23 − γ212 − γ213 − γ223 − 2(γ12 − 1)(γ13 − 1)(γ23 − 1)}
= {(γ12 + γ13 + γ23 − 1)2 − 2(γ212 + γ213 + γ223 − 1)}
× (1 + 2γ12γ13γ23 − γ212 − γ213 − γ223).
(25)
In order to emphasize comparative patterns that the gyrotriangle circumgyrocir-
cle and the gyrotetrahedron circumgyrosphere possess, we present the first equation
in (25) in the determinantal form
(26) m2O = D3(D3 −H3) ,
where D3 is the determinant
(27) D3 =
∣∣∣∣∣∣∣∣
1 γ12 γ13
γ12 1 γ23
γ13 γ23 1
∣∣∣∣∣∣∣∣
and where
(28) H3 = 2(γ12 − 1)(γ13 − 1)(γ23 − 1) .
The gyrotriangle A1A2A3 in Fig. 2 possesses a circumgyrocenter if and only if
m2O > 0.
The factor D3 of m
2
O in (25) and in (26),
(29) D3 = 1 + 2γ12γ13γ23 − γ212 − γ213 − γ223 =
∣∣∣∣∣∣∣∣
1 γ12 γ13
γ12 1 γ23
γ13 γ23 1
∣∣∣∣∣∣∣∣ > 0 ,
is positive for any gyrotriangle A1A2A3 in an Einstein gyrovector space. Hence,
as we see from (25), m2O > 0 if and only if the points A1, A2, and A3 obey the
circumgyrocircle existence condition
(30a) (γ12 + γ13 + γ23 − 1)2 > 2(γ212 + γ213 + γ223 − 1)
or, equivalently, the circumgyrocircle existence existence condition
(30b) 4(γ12 − 1)(γ13 − 1) > (γ12 + γ13 − γ23 − 1)2 ,
or, equivalently, the circumgyrocircle existence condition
(30c) D3 > H3 .
10
Gamma factors of gyrotriangle side gyrolengths are related to its gyroangles by
the AAA to SSS Conversion Law [26, Theorem 6.5, p. 137]
γ23 =
cosα1 + cosα2 cosα3
sinα2 sinα3
γ13 =
cosα2 + cosα1 cosα3
sinα1 sinα3
γ12 =
cosα3 + cosα1 cosα2
sinα1 sinα2
.
(31)
Substituting these from (31) into (24) we obtain
m′1 = F
′ sin(
−α1 + α2 + α3
2
) sinα1
m′2 = F
′ sin(
α1 − α2 + α3
2
) sinα2
m′3 = F
′ sin(
α1 + α2 − α3
2
) sinα3 ,
(32)
where the common factor F ′ = F ′(α1, α2, α3) in (32) is given by the equation
(33) F ′ = 23
cos2(α1+α2+α32 ) cos(
−α1+α2+α3
2 ) cos(
α1−α2+α3
2 ) cos(
α1+α2−α3
2 )
sinα1 sinα2 sinα3
.
Since in gyrobarycentric coordinates only ratios of coordinates are relevant, the
gyrobarycentric coordinates, m′1,m
′
2, and m
′
3 in (32) can be simplified by removing
a common nonzero factor. Hence, convenient gyrobarycentric coordinates, m′′1 ,m
′′
2 ,
and m′′3 , of the circumgyrocenter O of gyrotriangle A1A2A3, expressed in terms of
the gyrotriangle gyroangles are given by the equations
m′′1 = − sin(
−α1 + α2 + α3
2
) sinα1 = cos(α1 +
δ
2 ) sinα1
m′′2 = − sin(
α1 − α2 + α3
2
) sinα2 = cos(α2 +
δ
2 ) sinα2
m′′3 = − sin(
α1 + α2 − α3
2
) sinα3 = cos(α3 +
δ
2 ) sinα3 ,
(34)
where δ = π − α1 − α2 − α3 is the defect of gyrotriangle A1A2A3.
The circumgyrocenter O, (12), lies in the interior of its gyrotriangle A1A2A3 if
and only if its gyrobarycentric coordinates are all positive or all negative. Hence,
we see from the gyrobarycentric coordinates (34) of O that
(1) the circumgyrocenter O lies in the interior of its gyrotriangle A1A2A3 if and
only if the largest gyroangle of the gyrotriangle has measure less than the
sum of the measures of the other two gyroangles. This result is known in
hyperbolic geometry; see, for instance, [6, p. 132], where the result is proved
synthetically. Similarly, we also see from the gyrobarycentric coordinates
(34) of O in (12) that
(2) the circumgyrocenter O lies in the interior of its gyrotriangle A1A2A3 if and
only if all the three gyroangles α1 + δ/2, α2 + δ/2 and α3 + δ/2 are acute.
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Expressing Inequality (30) gyrotrigonometrically, by means of (31), it can be
shown from (25) that m2O > 0 if and only if
cos
3α1 − α2 − α3
2
+ cos
−α1 + 3α2 − α3
2
+ cos
−α1 − α2 + 3α3
2
> 3 cos
α1 + α2 + α3
2
(35)
or, equivalently, if and only if
(36) sin(2α1 +
δ
2 ) + sin(2α2 +
δ
2 ) + sin(2α3 +
δ
2 ) > 3 sin
δ
2
Inequality (36) is an elegant condition for the existence of a circumgyrocenter. In
a different approach, we will discover below in (38) the circumgyrocenter existence
condition in a different elegant form.
Gyrotrigonometric substitutions into the second equation in (25) from [26, Sect. 7.12]
yield the following gyrotrigonometric expression for the constant mO > 0 of the cir-
cumgyrocenter gyrobarycentric representation (12):
m2O =
42F 2
sin2 α1 sin
2 α2 sin
2 α3
{
42F 2
sin2 α1 sin
2 α2 sin
2 α3
− 4
2F sin2 δ2
sin2 α1 sin
2 α2 sin
2 α3
}
=
44F 3
sin4 α1 sin
4 α2 sin
4 α3
(F − sin2 δ2 )
=
44F 3 sin δ2
sin4 α1 sin
4 α2 sin
4 α3
{sin(α1 + δ2 ) sin(α2 + δ2 ) sin(α3 + δ2 )− sin δ2} .
(37)
Hence, m2O > 0 if and only if F > sin
2(δ/2) or, equivalently,
(38) sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 ) > sin
δ
2 .
One may demonstrate directly that the two circumgyrocenter existence condi-
tions (36) and (38) are equivalent.
Formalizing the main results of this section, we have the following theorem:
Theorem 4. (Circumgyrocenter Theorem). Let S = {A1, A2, A3} be a gy-
robarycentrically independent set of three points in an Einstein gyrovector space
(Rns ,⊕,⊗). The circumgyrocenter O∈Rn of gyrotriangle A1A2A3, shown in Fig. 2,
possesses the gyrobarycentric representation
(39) O =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to the set S = {A1, A2, A3}, with gyrobarycentric coordinates (m1 :
m2 : m3) given by
m1 = ( γ12 + γ13 − γ23 − 1)(γ23 − 1)
m2 = ( γ12 − γ13 + γ23 − 1)(γ13 − 1)
m3 = (−γ12 + γ13 + γ23 − 1)(γ12 − 1)
(40)
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or, equivalently, by the gyrotrigonometric gyrobarycentric coordinates
m1 = cos(α1 +
δ
2 ) sinα1
m2 = cos(α2 +
δ
2 ) sinα2
m3 = cos(α3 +
δ
2 ) sinα3 .
(41)
The circumgyrocenter gyrobarycentric representation constant mO with respect
to the set S = {A1, A2, A3} is an elegant product of two factors, given by the
equation
m2O ={(γ12 + γ13 + γ23 − 1)2 − 2(γ212 + γ213 + γ223 − 1)}
× (1 + 2γ12γ13γ23 − γ212 − γ213 − γ223) = D3(D3 −H3) ,
(42)
where D3 and H3 are given by (27) and (28).
The circumgyrocenter lies in the ball, O ∈ Rns , if and only if m2O > 0 or, equiv-
alently, if and only if one of the following mutually equivalent inequalities, each of
which is a circumgyrocircle existence condition, is satisfied:
(43) sin(2α1 +
δ
2 ) + sin(2α2 +
δ
2 ) + sin(2α3 +
δ
2 ) > 3 sin
δ
2
(44) sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 ) > sin
δ
2
(45) (γ12 + γ13 + γ23 − 1)2 > 2(γ212 + γ213 + γ223 − 1)
(46) 4(γ12 − 1)(γ13 − 1) > (γ12 + γ13 − γ23 − 1)2 .
5. Triangle Circumcenter
In this section the gyrotriangle circumgyrocenter in Fig. 2, p. 6, will be translated
into its Euclidean counterpart in Fig. 3.
The gyrobarycentric representation (39) with gyrotrigonometric gyrobarycentric
coordinates (m1 : m2 : m3) given by (41) remains invariant in form under the Eu-
clidean limit s→∞, so that it is valid in Euclidean geometry as well, where δ = 0.
Hence, in the transition from hyperbolic geometry, where δ > 0, to Euclidean ge-
ometry, where δ = 0, the gyrobarycentric coordinates (41) reduce to the barycentric
coordinates
m1 = cosα1 sinα1 =
1
2 sin 2α1
m2 = cosα2 sinα2 =
1
2 sin 2α2 (Euclidean Geometry)
m3 = cosα3 sinα3 =
1
2 sin 2α3 .
(47)
Hence, finally, a trigonometric barycentric representation of the circumcenter O
of triangle A1A2A3 in R
n, Fig. 3, with respect to the barycentrically independent
set S = {A1, A2, A3} ⊂ Rn is given by Result (48) of the following corollary of
Theorem 4, which recovers a well-known result in Euclidean geometry [7].
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Figure 3. The circumcircle, and the circumcenter O, of triangle
A1A2A3 in a Euclidean vector space R
n, n = 2, is shown along
with its standard notation. Here R = ‖ − A1 + O‖ = ‖ − A2 +
O‖ = ‖ − A3 + O‖, where R is the triangle circumradius and O
is the triangle circumcenter, given by its barycentric coordinate
representation (48) with respect to the barycentrically independent
set S = {A1, A2, A3}. The hyperbolic counterpart of this figure is
shown in Fig. 2, p. 6.
Corollary 5. Let αk, k = 1, 2, 3 and O be the angles and circumcenter of a triangle
A1A2A3 in a Euclidean space R
n. Then,
(48) O =
sin 2α1A1 + sin 2α2A2 + sin 2α3A3
sin 2α1 + sin 2α2 + sin 2α3
.
Theorem 4 and its Corollary 5 form an elegant example that illustrates the result
that
(1) gyrotrigonometric gyrobarycentric coordinates of a point in an Einstein
gyrovector space Rns survive unimpaired in Euclidean geometry, where they
form
(2) trigonometric barycentric coordinates of a point in a corresponding Eu-
clidean vector space Rn.
The converse is, however, not valid since
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(3) trigonometric barycentric coordinates of a point in a Euclidean vector space
Rn may embody the Euclidean condition that the triangle angle sum in π,
so that they need not survive in hyperbolic geometry.
6. Gyrotriangle Circumgyroradius
The circumgyroradius R of gyrotriangle A1A2A3 with circumgyrocenter O in an
Einstein gyrovector space (Rns ,⊕,⊗), shown in Figs. 2 and 4, is given by
(49) R = ‖⊖A1⊕O‖ = ‖⊖A2⊕O‖ = ‖⊖A3⊕O‖ .
By (14), the circumgyroradius R satisfies the equation
(50) γ
R
= γ
‖⊖A1⊕O‖
= γ
⊖A1⊕O
=
m1 +m2γ12 +m3γ13
mO
,
where m1,m2 and m3 are given by (40), and where mO is given by (42).
Hence, following (50), (40) and (42), with the notation for D3 and H3 in (27) –
(28), we have
γ2R =
1 + 2γ12γ13γ23 − γ212 − γ213 − γ223
1 + 2γ12γ13γ23 − γ212 − γ213 − γ223 − 2(γ12 − 1)(γ13 − 1)(γ23 − 1)
=
2γ12γ13γ23 − (γ212 + γ213 + γ223 − 1)
(γ12 + γ13 + γ23 − 1)2 − 2(γ212 + γ213 + γ223 − 1)
=
D3
D3 −H3 .
(51)
Interestingly, from (51) and (26) we obtain an elegant relationship between (i)
the constant mO of the gyrobarycentric representation of the circumgyrocenter O of
a gyrotriangle A1A2A3 with respect to the gyrotriangle vertices, and (ii) the gamma
factor of the circumgyroradius R,
(52) mOγR = D3 .
Following (51) we have, by (4),
(53) R2 = s2
γ2R − 1
γ2R
= 2s2
(γ12 − 1)(γ13 − 1)(γ23 − 1)
1 + 2γ12γ13γ23 − γ212 − γ213 − γ223
= s2
H3
D3
.
Hence, finally, the circumgyroradius R of gyrotriangle A1A2A3 in Figs. 2 and 4
is given by
(54) R =
√
2s
√
(γ12 − 1)(γ13 − 1)(γ23 − 1)
1 + 2γ12γ13γ23 − γ212 − γ213 − γ223
,
implying
(55)
√
(γ12 + 1)(γ13 + 1)(γ23 + 1)
2
R = s
√
(γ212 − 1)(γ213 − 1)(γ223 − 1)
1 + 2γ12γ13γ23 − γ212 − γ213 − γ223
.
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Figure 4. The circumgyrocircle of gyrotriangle A1A2A3 in an
Einstein gyrovector space (Rns ,⊕,⊗) is shown for n = 2. Its gy-
rocenter, O, is the gyrotriangle circumgyrocenter, given by its gy-
robarycentric representation (39), p. 11, and its gyroradius R is
the gyrotriangle circumgyroradius, given by each of the equations
R = ‖⊖Ak⊕O‖, k = 1, 2, 3. The gyrocircle is a flattened Euclidean
circle, as shown in Fig. 1.
Identity (55) captures a remarkable analogy between the law of gyrosines and
the law of sines. Indeed, following (55), the law of gyrosines [26, Theorem 6.9,
p. 140] for gyrotriangle A1A2A3 in Fig. 4 is linked to the circumgyroradius R of the
gyrotriangle by the equation
(56)
γ23a23
sinα1
=
γ13a13
sinα2
=
γ12a12
sinα3
=
√
(γ12 + 1)(γ13 + 1)(γ23 + 1)
2
R ,
called the extended law of gyrosines.
Following the gamma-gyrotrigonometric identity [26, Eq. (7.154), p. 189], the
extended law of gyrosines (56) can be written as
(57)
γ23a23
sinα1
=
γ13a13
sinα2
=
γ12a12
sinα3
= 2
sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
sinα1 sinα2 sinα3
R ,
where δ = π − (α1 + α2 + α3) is the defect of gyrotriangle A1A2A3.
In the Euclidean limit of large s, s → ∞, gamma factors tend to 1 and gyrotri-
angle defects tend to 0. Hence, in that limit, the extended law of gyrosines (56)
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tends to the well-known extended law of sines [9, p. 87],
(58)
a23
sinα1
=
a13
sinα2
=
a12
sinα3
= 2R (Euclidean Geometry) .
Formalizing the results in (56) – (57) we have the following theorem:
Theorem 6. (Extended Law of Gyrosines). Let A1A2A3 be a gyrotriangle in
an Einstein gyrovector space (Rns⊕,⊗) with gyroangles α1, α2, α3, side-gyrolengths
a23, a13, a12, and circumgyroradius R, Fig. 4.
Then
(59)
γ23a23
sinα1
=
γ13a13
sinα2
=
γ12a12
sinα3
=
√
(γ12 + 1)(γ13 + 1)(γ23 + 1)
2
R
and
(60)
γ23a23
sinα1
=
γ13a13
sinα2
=
γ12a12
sinα3
= 2
sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
sinα1 sinα2 sinα3
R .
Interestingly, the gyrotriangle circumgyroradius R has an elegant representation
in terms of its gyrotriangle gyroangles. Indeed, expressing the gamma factors in (53)
in terms of the gyrotriangle gyroangles αk, k = 1, 2, 3, takes the gyrotrigonometric
form
R2
s2
=
cos α1+α2+α32
cos α1−α2−α32 cos
−α1+α2−α3
2 cos
−α1−α2+α3
2
=
sin δ2
sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
=
F (α1, α2, α3)
sin2(α1 +
δ
2 ) sin
2(α2 +
δ
2 ) sin
2(α3 +
δ
2 )
(61)
in any Einstein gyrovector space (Rns ,⊕,⊗), where F = F (α1, α2, α3) is given by
(23) [26, Eq. (7.144), p. 187]. Equation (61) can be written conveniently as
(62)
R
s
=
√
F
sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
Following (62), the first equation in [26, Eq. (7.143), p. 187] and [26, Eq. (7.150),
p. 188] we have the equation
(63) sin(α3 +
δ
2 ) =
γ12a12
R(γ12 + 1)
,
which will prove useful in (102), p. 25.
In the Euclidean limit, s→∞, the gyrotriangle defect tends to 0, δ → 0, so that
each side of (61) tends to 0.
An important relation that results from (61) is formalized in the following The-
orem:
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Theorem 7. Let αk, k = 1, 2, 3, and R be the gyroangles and circumgyroradius of
a gyrotriangle A1A2A3 in an Einstein gyrovector space (R
n
s⊕,⊗). Then
(64) s2 sin δ2 = R
2 sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
and
(65) s
√
F (α1, α2, α3) = R sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
where F (α1, α2, α3) is given by (23) [26, Eq. (7.144), p. 187].
Proof. Identity (64) follows immediately from (61), and Identity (65) follows from
(64) and the definition of F . 
The Euclidean limit, s → ∞, of the left-hand side of each of the equations (64)
and (65) of Theorem 7 is indeterminate, being a limit of type ∞·0. In that limit,
the gyrotriangle defect δ tends to zero, so that the right-hand side of (64) tends to
R2 sinα1 sinα2 sinα3.
Theorem 7 gives rise to useful results, as indicated by the following theorem.
Theorem 8. Let A1A2A3 be a gyrotriangle that possesses a circumgyroradius R
in an Einstein gyrovector space (Rns⊕,⊗), Fig. 2, p. 6. Then, in the gyrotriangle
index notation (13),
a12 =
2R sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
cosα3 + cosα1 cosα2
a13 =
2R sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
cosα2 + cosα1 cosα3
a23 =
2R sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
cosα1 + cosα2 cosα3
(66)
and
γ12a12 =
2R sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
sinα1 sinα2
γ13a13 =
2R sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
sinα1 sinα3
γ23a23 =
2R sin(α1 +
δ
2 ) sin(α2 +
δ
2 ) sin(α3 +
δ
2 )
sinα2 sinα3
,
(67)
where aij = ‖⊖Ai⊕Aj‖, 1 ≤ i, j ≤ 3.
Proof. The identities in (66) and (67) follow from Identity (65) of Theorem 7 and
from the AAA to SSS Conversion Law [26, Theorem 6.8, p. 140]. 
Comparing the first equation in each of (66) and (67) yields the gyrotriangle
identity
(68) cosα3 + cosα1 cosα2 = γ12 sinα1 sinα2 (Hyperbolic Geometry)
18
that any gyrotriangle A1A2A3 in an Einstein gyrovector space (R
n
s ,⊕,⊗) obeys.
With δ = 0, Theorem 8 specializes to the following corresponding theorem in
Euclidean geometry:
Theorem 9. Let A1A2A3 be a triangle with a circumradius R in a Euclidean vector
space Rn, Fig. 3, p. 13. Then, in the triangle index notation,
a12 =
2R sinα1 sinα2 sinα3
cosα3 + cosα1 cosα2
a13 =
2R sinα1 sinα2 sinα3
cosα2 + cosα1 cosα3
a23 =
2R sinα1 sinα2 sinα3
cosα1 + cosα2 cosα3
(69)
and
a12 =
2R sinα1 sinα2 sinα3
sinα1 sinα2
a13 =
2R sinα1 sinα2 sinα3
sinα1 sinα3
a23 =
2R sinα1 sinα2 sinα3
sinα2 sinα3
,
(70)
where aij = ‖ −Ai +Aj‖, 1 ≤ i, j ≤ 3.
As expected from Identities (69) and (70) of Theorem 9, the triangle angles obey
the triangle identity α1 + α2 + α3 = π, so that
(71) cosα3 + cosα1 cosα2 = sinα1 sinα2 (Euclidean Geometry)
for any triangle A1A2A3 in the Euclidean space R
n. Indeed, the triangle identity
(71) is the Euclidean counterpart of the gyrotriangle identity (68).
7. Triangle Circumradius
The circumradius Reuc of triangle A1A2A3 with circumcenter O in a Euclidean
space Rn, shown in Fig. 17, p. 49, is given by
(72) Reuc = ‖ −A1 +O‖ = ‖ −A2 +O‖ = ‖ −A3 +O‖ .
We will determine the triangle circumradius in a Euclidean space Rn as the Eu-
clidean limit of the circumgyroradius of gyrotriangle A1A2A3 in an Einstein gy-
rovector space (Rns ,⊕,⊗), that is, Reuc = lims→∞R. Accordingly, let A1A2A3 be
a gyrotriangle that possesses a circumgyrocircle in the Einstein gyrovector space,
and let R be the gyrotriangle circumgyroradius.
Then, R is given by (53), which can be written equivalently as
(73) R2 =
2s2(γ23 − 1)
D
19
where
D =2
{
1 +
γ23 − 1
γ13 − 1
+
γ23 − 1
γ12 − 1
+ (γ23 − 1)
}
−
{
γ12 − 1
γ23 − 1
+
γ23 − 1
γ12 − 1
+
(γ23 − 1)2
(γ12 − 1)(γ13 − 1)
}
,
(74)
as one can check by straightforward algebra.
Expressing R by (73) – (74), rather than (53), enables its Euclidean limit to be
determined manifestly.
Indeed, we have the following Lemma about Euclidean limits:
Lemma 10. Let Ai, Aj ∈ Rns ⊂ Rn be two distinct points in an Einstein gyrovector
space (Rns ,⊕,⊗), and let
aeinij = ‖⊖Ai⊕Aj‖
γij = γ⊖Ai⊕Aj
aij = ‖ −Ai +Aj‖ .
(75)
Then,
(76) lim
s→∞
s2(γij − 1) = 12a2ij
and
(77) lim
s→∞ s
2(γ2ij − 1) = a2ij .
Proof. In the Euclidean limit, s → ∞, gamma factors tend to 1. Hence, by (4),
p. 3,
lim
s→∞
s2(γij − 1) = lim
s→∞
s2(γij − 1)× 12 lims→∞(γij + 1)
= 12 lims→∞ s
2(γ2ij − 1)
= 12 lims→∞ γ
2
ij(a
ein
ij )
2
= 12a
2
ij ,
(78)
as desired. The proof of (77) is similar. 
Following Lemma 10 we have the Euclidean limit
(79) lim
s→∞D = 2
{
1 +
a223
a213
+
a223
a212
+ 0
}
−
{
a212
a213
+
a213
a212
+
a423
a212a
2
13
}
.
Hence, by (73), (78) – (79), and straightforward algebra,
(80) R2euc := lim
s→∞
R2 =
a212a
2
13a
2
23
2(a212a
2
13 + a
2
12a
2
23 + a
2
13a
2
23)− (a412 + a413 + a423))
,
where aij = ‖ −Ai +Aj‖.
Formalizing the result of this section we obtain the following theorem.
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Theorem 11. The circumradius R of a triangle A1A2A3 in a Euclidean space R
n,
n ≥ 2, is given by the equation
(81) R2 =
a212a
2
13a
2
23
2(a212a
2
13 + a
2
12a
2
23 + a
2
13a
2
23)− (a412 + a413 + a423))
,
where
(82) aij = ‖ −Ai +Aj‖ ,
1 ≤ i, j ≤ 3, are the sidelengths of the triangle.
8. The Gyrocircle Through Three Points
Theorem 12. (The Gyrocircle Through Three Points). Let A1, A2 and A3
be any three points that form a gyrobarycentrically independent set in an Einstein
gyrovector space (Rns ,⊕,⊗), shown in Figs. 5 – 6. There exists a unique gyrocircle
that passes through these points if and only if gyrotriangle A1A2A3 obeys the
circumgyrocircle existence condition, (30),
(83) (γ12 + γ13 + γ23 − 1)2 > 2(γ212 + γ213 + γ223 − 1)
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or, equivalently, if and only if gyrotriangle A1A2A3 obeys the gyrotrigonometric
circumgyrocircle existence condition, (36),
(84) sin(2α1 +
δ
2 ) + sin(2α2 +
δ
2 ) + sin(2α3 +
δ
2 ) > 3 sin
δ
2 ,
where we use the index notation (13) for gyrotriangle A1A2A3.
When a gyrocircle through the three points exists, it is the unique gyrocircle
with gyrocenter O given by, (39),
(85) O =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
,
where
m1 = ( γ12 + γ13 − γ23 − 1)(γ23 − 1)
m2 = ( γ12 − γ13 + γ23 − 1)(γ13 − 1)
m3 = (−γ12 + γ13 + γ23 − 1)(γ12 − 1)
(86)
and with gyroradius R given by, (54),
(87) R =
√
2s
√
(γ12 − 1)(γ13 − 1)(γ23 − 1)
1 + 2γ12γ13γ23 − γ212 − γ213 − γ223
= s
√
H3
D3
.
Proof. The gyrocircle in the Theorem, if exists, is the circumgyrocircle of gyrotrian-
gle A1A2A3. The gyrocenter O of the gyrocircle is, therefore, given by (85) – (86),
as we see from Theorem 4, p. 11; and the gyroradius, R, of the gyrocircle is given
by (54), p. 14.
Finally, the circumgyrocircle of gyrotriangle A1A2A3 exists if and only if the
gyrotriangle satisfies the circumgyrocircle existence condition (83), or, equivalently,
(85), as explained in the paragraph of Inequality (30), p. 9, and in (35) – (36). 
Example 13. If the three points A1, A2 and A3 in Theorem 12 are not distinct,
a gyrocircle through these points is not unique. Indeed, in this case we have
(88) (γ12 + γ13 + γ23 − 1)2 = 2(γ212 + γ213 + γ223 − 1) ,
as one can readily check, thus violating the circumgyrocircle existence condition
(83).
Example 14. If the three points A1, A2 and A3 in Theorem 12 are distinct and
gyrocollinear, there is no gyrocircle through these points. Hence, in this case the
circumgyrocircle existence condition (83) must be violated. Hence, these points
must satisfy the inequality
(89) (γ12 + γ13 + γ23 − 1)2 ≤ 2(γ212 + γ213 + γ223 − 1) .
Example 15. Let the three points A1, A2 and A3 in Theorem 12 be the vertices
of an equilateral gyrotriangle with side gyrolengths a. Then, γ12 = γ13 = γ23 = γa ,
so that the circumgyrocircle existence condition (83) reduces to
(90) γa > 1 ,
22
which is satisfied by any side gyrolength a, 0 < a < s. Hence, by Theorem 12, any
equilateral gyrotriangle in an Einstein gyrovector space possesses a circumgyrocircle.
Moreover, the circumgyrocenter of an equilateral gyrotriangle lies on the interior of
the gyrotriangle since the circumgyrocenter gyrobarycentric coordinates mk, k =
1, 2, 3, in (86) are all positive.
More about the unique gyrocircle that passes through three given points of an
Einstein gyrovector space is studied in Sect. 15.
A generalization of results in this section from the gyrotriangle circumgyrocircle
to the gyrotetrahedron circumgyrosphere is presented in Chap. 10. Remarkably,
the pattern that D3 and H3 exhibit in this section remains the same pattern in
Chap. 10, exhibited by D4 and H4.
9. The Inscribed Gyroangle Theorem I
The Inscribed Gyroangle Theorem appears in two distinct, interesting versions,
each of which reduces in the Euclidean limit of large s to the well-known Inscribed
Angle Theorem in Euclidean geometry. Version I is presented in this section, and
Version II is presented in sect. 10.
Fig. 7 presents a gyrotriangle A1A2A3 and its circumgyrocircle with gyrocenter
O at the gyrotriangle circumgyrocenter, given by (39), p. 11, and with gyroradius
R, given by the gyrotriangle circumgyroradius (54), p. 14. The gamma factor γR
of R is given by (51), p. 14.
A gyrocentral gyroangle of a gyrocircle is a gyroangle whose vertex is located at
the gyrocenter of the gyrocircle. For instance, gyroangle ∠A1OA2 in Figs. 7 – 9 is
gyrocentral.
An inscribed gyroangle of a gyrocircle is a gyroangle whose vertex is on the
gyrocircle and whose sides each intersects the gyrocircle at another point. For
instance, gyroangle ∠A1A3A2 in Figs. 7 – 9 is inscribed. The inscribed gyroangle
theorem gives a relation between inscribed gyroangles and a gyrocentral gyroangle
of a gyrocircle that subtend on the same gyroarc of the gyrocircle in an Einstein
gyrovector space.
Theorem 16. (The Inscribed Gyroangle Theorem I). Let θ be a gyroangle
inscribed in a gyrocircle of gyroradius R, and let 2φ be the gyrocentral gyroangle
of the gyrocircle such that both θ and 2φ subtend on the same gyroarc Â1A2 on
the gyrocircle, as shown in Fig. 7. Then, in the notation of Fig. 7 and in (13), p. 7,
(91) sin θ =
2γR√
(γ13 + 1)(γ23 + 1)
sinφ .
Proof. Under the conditions of the theorem, as described in Fig. 7, let M12 be the
gyromidpoint of gyrosegment A1A2, implying
(92) φ := ∠A1OM12 = ∠A2OM12 =
1
2∠A1OA2
so that 2φ is the gyrocentral gyroangle ∠A1OA2 shown in Fig. 7.
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Figure 7. The Inscribed Gyroangle Theorem I. Gyroangle θ =
∠A1A3A2 is inscribed in a gyrocircleC of gyroradiusR (the circum-
gyroradius of gyrotriangle A1A2A3) centered at O in an Einstein
gyrovector plane (R2s,⊕,⊗), and φ = ∠A1OM12 = ∠A2OM12,
where M12 is the gyromidpoint of the gyrosegment A1A2. Accord-
ingly, 2φ = ∠A1OA2 is a gyrocentral gyroangle, and both θ and 2φ
subtend on the same gyroarc on the gyrocircle C. The relationship
between θ and φ, (91), is shown. In the Euclidean limit of large
s, s → ∞, gamma factors tend to 1 and, hence, the relationship
between θ and φ in Euclidean geometry reduces to sin θ = sinφ or,
equivalently, θ = φ (if A3 and O lie on the same side of gyroseg-
ment A1A2) and θ = π − φ (if A3 and O lie on opposite sides of
gyrosegment A1A2; see Fig. 9).
Furthermore, let
(93) a12 = ⊖A1⊕A2
so that [26, p. 100],
(94) ⊖A1⊕M12 = 12⊗a12
and
(95) γ 1
2⊗a12
(12⊗a12) =
γ12a12√
2
√
1 + γ12
.
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Taking magnitudes of both sides of (95) and noting the homogeneity property (V 9)
of Einstein gyrovector spaces [25, Sect. 2.7], we have
(96) γ 1
2⊗a12
(12⊗a12) =
γ12a12√
2
√
1 + γ12
.
Applying the extended law of gyrosines (56), p. 15, to gyrotriangle A1A2A3 and
its circumgyroradius R in Fig. 7, we have
(97)
γ12a12
sin θ
=
√
(γ12 + 1)(γ13 + 1)(γ23 + 1)
2
R ,
implying
(98) sin θ =
√
2γ12a12√
(1 + γ12)(1 + γ13)(1 + γ23) R
.
Applying the elementary gyrosine definition in gyrotrigonometry, illustrated in
[26, Fig. 6.5, p. 147], to the right gyroangled gyrotriangle A1M12O in Fig. 7, we
obtain the first equation in (99),
(99) sinφ =
γ 1
2⊗a12
(12⊗a12)
γRR
=
γ12a12√
2
√
1 + γ12 γRR
.
The second equation in (99) follows from (96).
Finally, the desired identity (91) follows by eliminating the factor γ12a12 between
(98) and (99). 
10. The Inscribed Gyroangle Theorem II
Theorem 17. (The Inscribed Gyroangle Theorem II). Let θ be a gyroangle
inscribed in a gyrocircle with gyrocenter O, and let 2φ be the gyrocentral gyroangle
of the gyrocircle such that both θ and 2φ subtend on the same gyroarc Â1A2 on the
gyrocircle, as shown in Fig. 8. Furthermore, in the notation in Fig. 8, let δA1A2A3
be the defect of gyrotriangle A1A2A3 and, similarly, let δA1A2O be the defect of
gyrotriangle A1A2O. Then,
(100) sin(θ + 12δA1A2A3) = sin(φ+
1
2δA1A2O) ,
that is, either
(101a) θ + 12δA1A2A3 = φ+
1
2δA1A2O ,
as in Fig. 8, or
(101b) θ + 12δA1A2A3 = π − (φ + 12δA1A2O) ,
as in Fig. 9.
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Figure 8. The Inscribed Gyroangle Theorem II. Unlike the In-
scribed Gyroangle Theorem described in Fig. 7, here the relation
between the inscribed gyroangle θ and the gyrocentral gyroangle
2φ is expressed in terms of gyrotriangle defects. The latter vanish
in Euclidean geometry, reducing the relation between θ and φ to
the equation θ = φ.
Proof. In the gyrotriangle index notation (13), p. 7, with α3 = θ and δ = δA1A2A3
to conform with the notation for gyrotriangle A1A2A3 in Figs. 8 – 9, we have by
(63), p. 16,
(102) sin(θ + 12δA1A2A3) =
γ12a12
R(γ12 + 1)
.
Here δA1A2A3 is the defect of gyrotriangle A1A2A3 and R is the circumgyroradius
of gyrotriangle A1A2A3 in Figs. 7 – 8. Accordingly,
(103) R = ‖⊖O⊕A1‖ = ‖⊖O⊕A2‖ .
The expression γ12a12/(R(γ12 + 1)) is expressed in (102) in terms of gyroangles
of gyrotriangle A1A2A3, shown in Figs. 8 – 9. We now wish to express it in terms
of gyroangles of gyrotriangle A1A2O, also shown in Figs. 8 – 9. Accordingly, let
ǫ = ∠A1A2O = ∠A2A1O
a12 = ‖⊖A1⊕A2‖
γ12 = γa12
(104)
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Figure 9. The Inscribed Gyroangle Theorem II. This figure is
similar to Fig. 8 except that here the points O and A3 lie on op-
posite sides of the chord A1A2 of gyrocircle C in the gyroplane
through the points A1, A2 and A3. As in Fig. 8 the relation be-
tween the inscribed gyroangle θ and the gyrocentral gyroangle 2φ
is expressed in terms of gyrotriangle defects. The latter vanish in
Euclidean geometry, reducing the relation between θ and φ to the
equation θ = π − φ.
be parameters of gyrotriangle A1A2O and let δ = δA1A2O be the defect of the
gyrotriangle, as shown in Figs. 8 – 9.
Then,
(105) δ = δA1A2O = π − 2φ− 2ǫ ,
so that
(106) ǫ =
π
2
− (φ+ δ
2
) ,
implying
(107) ǫ+
δ
2
=
π
2
− φ ,
so that
(108) sin(ǫ +
δ
2
) = cosφ .
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Applying the first equation in [26, Eq. (7.143), p. 187] to gyrotriangle A1A2O in
Fig. 8, we have
(109)
1
s
γ12a12 =
2
√
F
sin2 ǫ
where, by (23), p. 8, and by (108),
F = sin δ2 sin
2(ǫ + δ2 ) sin(2φ+
δ
2 )
= sin δ2 cos
2 φ sin(2φ+ δ2 ) .
(110)
Applying [26, Eq. (7.150), p. 188] to gyrotriangle A1A2O in Fig. 8, we have
(111) γ12 + 1 =
2 sin2(ǫ+ δ2 )
sin2 ǫ
.
Following (109), (111) and (108) we have
(112)
1
s
γ12a12
γ12 + 1
=
√
F
sin2(ǫ+ δ2 )
=
√
F
cos2 φ
.
We now turn to calculate R/s. Applying the AAA to SSS Conversion Law [26,
Theorem 6.5, p. 137] to gyrotriangle A1A2O in Fig. 8, we have
γ
R
=
cos ǫ+ cos ǫ cos 2φ
sin ǫ sin 2φ
=
cos ǫ
sin ǫ
1 + cos 2φ
sin 2φ
= cot ǫ
2
sin 2φ
1 + cos 2φ
2
= cot ǫ
cos2 φ
sinφ cosφ
= cot ǫ cotφ .
(113)
By (4), p. 3, by (113) and by (110) we have
R2
s2
=
γ2
R
− 1
γ2
R
=
cot2 ǫ cot2 φ− 1
cot2 ǫ cot2 φ
=
sin δ2 sin(2φ+
δ
2 )
cos2 φ sin2(φ + δ2 )
=
F
cos4 φ sin2(φ + δ2 )
,
(114)
where δ = δA1A2O is the defect of gyrotriangleA1A2O given by (105), thus obtaining
the equation
(115)
R
s
=
√
F
cos2 φ sin(φ+ δ2 )
.
Equations (112) and (115), along with the notation for δ in (105), imply
(116)
γ12a12
R(γ12 + 1)
=
1
s
γ12a12
γ
12
+1
R
s
=
√
F
cos2 φ√
F
cos2 φ sin(φ+
δ
2 )
= sin(φ+ δ2 ) = sin(φ+
1
2δA1A2O).
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Finally, (102) and (116) imply
(117) sin(θ + 12δA1A2A3) = sin(φ+
1
2δA1A2O) ,
which, in turn, implies the results of the Theorem in (100) and in (101a) – (101b).

Remark 18. In the proof of Theorem 17 we take for granted that the gyroline
through the points A1 and A2 has two sides in the gyroplane through the points
A1, A2 and A3 so that in Fig. 8 the points A3 and O lie on the same side of the
gyroline while in Fig. 9 these points lie on opposite sides of the gyroline. The need
for a careful study of the very intuitive idea that every line in a Euclidean plane has
”two sides” was pointed out by Millman and Parker in [10, p. 63], resulting in what
they call the Plane Separation Axiom (PSA). An analogous Gyroplane Separation
Axiom (GPSA) for a gyroplane in an Einstein gyrovector space, is studied by So¨nmez
and Ungar in [15].
11. Gyrocircle Gyrotangent Gyrolines
Employing the Inscribed Gyroangle Theorem II, Theorem 17, p. 24, we prove
the following theorem.
Theorem 19. Let C be a gyrocircle with gyrocenterO and let LPT be a gyrotangent
gyroline of C at a tangency point P in an Einstein gyrovector space (Rns ,⊕,⊗),
shown in Fig. 10. Then, the gyrotangent gyroline LPT is perpendicular to the
gyroradius OP terminating at P .
Proof. The proof is given by the following chain of equations, which are numbered
for subsequent derivation. Let Q be a point close to P on gyrocircle C, shown in
Fig. 10. Then,
∠APT
(1)︷︸︸︷
=== lim
Q→P
∠APQ
(2)︷︸︸︷
=== lim
Q→P
{
1
2∠AOQ +
1
2δAOQ − 12δAPQ
}
(3)︷︸︸︷
=== 12∠AOP +
1
2δAOP − 12δAPP
(4)︷︸︸︷
===
π
2
.
(118)
Derivation of the numbered equalities in (118) follows:
(1) This limit is clear from Fig. 10. Indeed, when Q approaches P , the gyroline
through P and Q approaches the gyrotangent gyroline through P and T .
(2) Follows from (1) by the Inscribed Gyroangle Theorem II, Theorem 17, p. 24,
with θ = ∠APQ.
(3) Follows from (2) by obvious limits as Q → P , noting that the defect of
a degenerate gyrotriangle (that is, a gyrotriangle whose vertices are gyro-
collinear) vanishes.
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Figure 10. The circumgyrocircle of gyrotriangle APQ with cir-
cumgyrocenter O in an Einstein gyrovector plane. The circumgy-
rocircle is shown along with (i) its gyrodiameter AP that extends
its gyroradius OP , and (ii) its gyrotangent gyroline at the gyrotan-
gency point P . When Q approaches P , the gyroline through P and
Q approaches the gyrotangent gyroline through P and T . Shown
are also an inscribed gyroangle θ and a gyrocentral gyroangle 2φ,
which are related by the Inscribed Gyroangle Theorem II, Theorem
17, p. 24.
(4) Follows from (3) since ∠AOP = π.

12. Semi-Gyrocircle Gyrotriangles
In the special case when the gyrocircle gyrochord A1A2 in Figs. 8 – 9 is the
gyrocircle gyrodiameter, as shown in Fig. 11, we have 2φ = π and δA1A2O = 0 so
that, by Theorem 17, (101a),
(119) θ + 12δA1A2A3 =
pi
2 .
By definition, the gyrotriangular defect of gyrotriangleA1A2A3 in Fig. 11 is given
by the equation
(120) δA1A2A3 = π − (α1 + α2 + θ) .
Hence, by (119) – (120),
(121) θ = α1 + α2 .
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Figure 11. The Semi-Gyrocircle Gyrotriangle.
In Euclidean geometry triangle defects vanish, so that (119) reduces to the well
known result according to which θ = π/2 in Euclidean geometry.
13. The Gyrotangent–Gyrosecant Theorem
A gyrotangent gyroline of a gyrocircle is a gyroline that intersects the gyrocircle
in exactly one point. The point of contact is called the point of tangency.
A gyrosecant gyroline of a gyrocircle is a gyroline that intersects the gyrocircle
in two different points. The gyrosegment that links these points is a gyrochord of
the gyrocircle.
By Theorem 19, p. 28, the gyroradius of a gyrocircle drawn to the point of tan-
gency of a gyrotangent gyroline of the gyrocircle is perpendicular to the gyrotan-
gent gyroline. Accordingly, the gyrotangent gyrosegment A1P of the gyrocircle
in Fig. 12, with the tangency point A1 is perpendicular to the gyroradius OA1
drawn from the gyrocircle gyrocenter O to the tangency point A1. In full analogy
with the well-known tangent–secant theorem of Euclidean geometry we present the
gyrotangent–gyrosecant theorem of hyperbolic geometry.
Theorem 20. (The Gyrotangent–Gyrosecant Theorem, I). Let A1, A2, A3 ∈
Rns be three distinct points that lie on a gyrocircle in an Einstein gyrovector space
Rns = (R
n
s ,⊕,⊗) such that the gyrosecant gyroline of the gyrocircle through the
points A2, A3 and the gyrotangent gyroline of the gyrocircle with the tangency
point A1 share a point P not on the gyrocircle, as shown in Fig. 12.
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Figure 12. Illustrating the Gyrotangent–Gyrosecant Theo-
rem 20, a gyrotriangle A1A2A3 in an Einstein gyrovector space
(Rns ,⊕,⊗) is shown for n = 2, along with its circumgyrocircle and
its circumgyrocenter O and circumgyroradius R = |OA1|. The gy-
rotangent gyrosegment PA1 is tangent to the circumgyrocircle at
the tangency point A1. Gyrosecant gyrosegment PA3 intersects
the circumgyrocircle at the points A2 and A3. Gyrodistances dk,
k = 1, 2, 3 between various points that illustrate the gyrotangent–
gyrosecant Theorem are also shown. Thus, in particular, d23 is the
gyrodistance between A2 and A3. Owing to the gyrotriangle equal-
ity d3 = d2⊕d23, so that d23 equals the gyrodifference between d3
and d2.
Furthermore, let
d1 = ‖⊖A1⊕P‖
d2 = ‖⊖A2⊕P‖
d3 = ‖⊖A3⊕P‖ .
(122)
and
(123) d23 = ‖⊖A2⊕A3‖ = d3⊖d2 .
Then
(124) γ2d1d
2
1 =
2
γd3⊖d2 + 1
γd2d2γd3d3 .
32
Proof. Using the gyrotriangle index notation (13), p. 7, we have, in particular,
(125) γ23 = γ⊖A2⊕A3 = γ‖⊖A2⊕A3‖ .
The points P , A2 and A3 are gyrocollinear, as shown in Fig. 12. Hence, by the
gyrotriangle equality [26, Sect. 2.4],
(126) d2⊕‖⊖A2⊕A3‖ = d3 ,
implying
(127) ‖⊖A2⊕A3‖ = d3⊖d2 ,
as stated in the Theorem, (123). Hence, by (125) and (127),
(128) γ23 = γd3⊖d2 .
Let O be the circumgyrocenter of gyrotriangle A1A2A3, as shown in Fig. 12.
Gyrosegment PA1 is tangent to the circumgyrocircle of the gyrotriangle at the
tangency point A1. Hence, gyrotriangle PA1O is right gyroangled, with ∠PA1O =
π/2, so that, by the Einstein–Pythagoras Identity [26, Eq. (6.57), p. 144],
(129) γ⊖A1⊕Pγ⊖A1⊕O = γ⊖P⊕O .
The circumgyrocenter O of gyrotriangle A1A2A3 in Fig. 12 possesses the gyro-
barycentric representation
(130) O =
m1,OγA1A1 +m2,OγA2A2 +m3,OγA3A3
m1,OγA1 +m2,OγA2 +m3,OγA3
with respect to the gyrobarycentrically independent set {A1, A2, A3} where, by (40),
p. 11,
m1,O = ( γ12 + γ13 − γ23 − 1)(γ23 − 1)
m2,O = ( γ12 − γ13 + γ23 − 1)(γ13 − 1)
m3,O = (−γ12 + γ13 + γ23 − 1)(γ12 − 1) .
(131)
Hence, by the Gyrobarycentric Representation Gyrocovariance Theorem [26,
Theorem 4.6, pp. 90-91] with X = ⊖A1, we have the following two equations (132)
and (133). The first equation is
⊖A1⊕O = ⊖A1⊕
m1,OγA1A1 +m2,OγA2A2 +m3,OγA3A3
m1,OγA1 +m2,OγA2 +m3,OγA3
=
m1,Oγ⊖A1⊕A1(⊖A1⊕A1) +m2,Oγ⊖A1⊕A2(⊖A1⊕A2) +m3,Oγ⊖A1⊕A3(⊖A1⊕A3)
m1,Oγ⊖A1⊕A1 +m2,Oγ⊖A1⊕A2 +m3,Oγ⊖A1⊕A3
=
m2,Oγ12a12 +m3,Oγ13a13
m1,O +m2,Oγ12 +m3,Oγ13
.
(132)
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The second equation is
(133) γR = γ⊖A1⊕O =
m1,O +m2,Oγ12 +m3,Oγ13
mO
where R = ‖⊖A1⊕O‖ is the circumgyroradius of gyrotriangle A1A2A3. Here, the
constant mO > 0 of the gyrobarycentric representation (130) of O is given by the
equation
m2O = m
2
1,O +m
2
2,O +m
2
3,O
+ 2(m1,Om2,Oγ12 +m1,Om3,Oγ13 +m2,Om3,Oγ23) ,
(134)
as we see from the gyrobarycentric representation constant associated with the Gyro-
barycentric Representation Gyrocovariance Theorem [26, Theorem 4.6, pp. 90-91].
There will be no need to use the right-hand side of (134) in the proof.
Let the point P , shown in Fig. 12, be given by its gyrobarycentric representation
(135) P =
m2γA2A2 +m3γA3A3
m2γA2 +m3γA3
with respect to the gyrobarycentrically independent set {A1, A2}, where the gy-
robarycentric coordinates m2 and m3 are to be determined in (146) below. The
gyrobarycentric representation (135) with respect to the set {A1, A2} exists since
the point P lies on the gyroline that passes through the points A2 and A3.
By the Gyrobarycentric Representation Gyrocovariance Theorem [26, Theorem
4.6, pp. 90-91] with X = ⊖A1 we have
(136) ⊖A1⊕P = m2γ12a12 +m3γ13a13
m2γ12 +m3γ13
and
(137) γ⊖A1⊕P =
m2γ12 +m3γ13
mP
.
Here, mP > 0 is the constant of the gyrobarycentric representation (135) of P , given
by the equation
(138) m2P = m
2
2 +m
2
3 + 2m2m3γ23 ,
as we see from the representation constant associated with the Gyrobarycentric
Representation Gyrocovariance Theorem [26, Theorem 4.6, pp. 90-91].
Similarly to (136) and (137), we have
⊖A2⊕P = m3γ23a23
m2 +m3γ23
⊖A3⊕P = m2γ23a32
m2γ23 +m3
(139)
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and
γ⊖A2⊕P =
m2 +m3γ23
mP
γ⊖A3⊕P =
m2γ23 +m3
mP
.
(140)
Following (130) we have, by the Gyrobarycentric Representation Gyrocovariance
Theorem [26, Theorem 4.6, pp. 90-91],
(141)
⊖P⊕O = m1,Oγ⊖A1⊕P (⊖P⊕A1) +m2,Oγ⊖A2⊕P (⊖P⊕A2) +m3,Oγ⊖A3⊕P (⊖P⊕A3)
m1,Oγ⊖A1⊕P +m2,Oγ⊖A2⊕P +m3,Oγ⊖A3⊕P
,
noting that γ⊖P⊕Ak = γ⊖Ak⊕P , k = 1, 2, 3.
Hence, by a gamma factor identity of the Gyrobarycentric representation Gyro-
covariance Theorem [26, Theorem 4.6, pp. 90-91], applied to (141), and by (137),
(139), we have
γ⊖P⊕O =
m1,Oγ⊖A1⊕P +m2,Oγ⊖A2⊕P +m3,Oγ⊖A3⊕P
mO
=
m1,O(m2γ12 +m3γ13) +m2,O(m2 +m3γ23) +m3,O(m2γ23 +m3)
mOmP
.
(142)
Substituting (133), (137) and (142) into the Einstein–Pythagoras Identity (129),
we obtain the equation
m1,O(m2γ12 +m3γ13) +m2,O(m2 +m3γ23) +m3,O(m2γ23 +m3)
= (m2γ12 +m3γ13)(m1,O +m2,Oγ12 +m3,Oγ13) .
(143)
The latter, in turn, can be written as
0 = m2{m2,O(γ212 − 1) +m3,O(γ12γ13 − γ23)}
+m3{m2,O(γ12γ13 − γ23) +m3,O(γ213 − 1)} .
(144)
Solving (144) for m2 and m3 we obtain the equations
m2 = K{m2,O(γ12γ13 − γ23) +m3,O(γ213 − 1)}
m3 = −K{m2,O(γ212 − 1) +m3,O(γ12γ13 − γ23)}
(145)
for any nonzero factor K.
Owing to the homogeneity of gyrobarycentric coordinates, the factor K is irrel-
evant. Hence, we select K = 1, obtaining the equations
m2 = m2,O(γ12γ13 − γ23) +m3,O(γ213 − 1)
m3 = −m2,O(γ212 − 1)−m3,O(γ12γ13 − γ23) ,
(146)
where m2,O and m3,O are given by (131).
35
Equations (146) for the gyrobarycentric coordinatesm2 and m3 of the point P in
(135) result from the Einstein–Pythagoras Identity (129). Hence, they insure that
gyrosegments A1P and A1O are perpendicular to each other, as desired.
By the first equation in (122), and by (4), p. 3, we have
(147)
1
s2
γ2d1d
2
1 = γ
2
d1
− 1 = γ2⊖A1⊕P − 1 ,
where the gamma factor γ⊖A1⊕P is given by (137), (138) and (146).
Substituting (137) into (147), we have
(148)
1
s2
γ2d1d
2
1 =
(m2γ12 +m3γ13)
2 −m2P
m2P
,
where m2, m3 and m
2
P are given by (146) and (138).
Hence, by (148), (146) and by straightforward algebra,
(149)
1
s2
γ2d1d
2
1 =
2
s2D2m2P
(γ12 − 1)(γ13 − 1)(γ23 − 1) ,
where
(150) D = γ212 + γ
2
13 + γ
2
23 − 2γ12γ13γ23 .
Similarly to (147), by (122) and (4), p. 3, we have
(151)
1
s2
γ2d2d
2
2 = γ
2
d2
− 1 = γ2⊖A2⊕P − 1 ,
where the gamma factor γ⊖A2⊕P is given by the first equation in (140), and by
(138) and (146).
Substituting the first equation in (140) into (151), we have
(152)
1
s2
γ2d2d
2
2 =
(m2 +m3γ23)
2 −m2P
m2P
,
where m2, m3 and m
2
P are given by (146) and (138).
Hence, by (152), (148) and straightforward algebra,
(153)
1
s2
γ2d2d
2
2 =
1
s2D2m2P
(γ12 − 1)2(γ223 − 1) .
Similarly to (147) and (151), by (122) and (4), p. 3, we have
(154)
1
s2
γ2d3d
2
3 = γ
2
d3
− 1 = γ2⊖A3⊕P − 1 ,
where the gamma factor γ⊖A3⊕P is given by the second equation in (140), and by
(138) and (146).
Substituting the second equation in (140) into (154), we have
(155)
1
s2
γ2d3d
2
3 =
(m2γ23 +m3)
2 −m2P
m2P
,
where m2, m3 and m
2
P are given by (146) and (138).
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Hence, by (155), (146) and straightforward algebra,
(156)
1
s2
γ2d3d
2
3 =
1
s2D2m2P
(γ13 − 1)2(γ223 − 1) .
Finally, following (149), (153) and (156) and straightforward algebra, noting
(128), we have
(157)
(γ2d1d
2
1)
2
γ2d2d
2
2γ
2
d3
d23
=
(
2
γ23 + 1
)2
=
(
2
γd3⊖d2 + 1
)2
,
thus verifying the result (124) of the Theorem. 
In order to restate Theorem 20 in a way that emphasizes analogies with its
Euclidean counterpart, we introduce the notation
(158) |AB| := ‖⊖A⊕B‖ = ‖⊖B⊕A‖ (Hyperbolic Geometry)
for the gyrodistance between points A and B of an Einstein gyrovector space
(Rns ,⊕,⊗). Accordingly, |AB| is the gyrolength of gyrosegment AB.
In order to emphasize analogies we use, ambiguously, the same notation in the
context of Euclidean geometry as well, that is,
(159) |AB| := ‖ −A+B‖ = ‖ −B +A‖ (Euclidean Geometry)
is the distance between points A and B of a Euclidean vector space Rn. Accordingly,
|AB| is the length of segment AB. It should always be clear from the context
whether |AB| represents the gyrolength of a gyrosegment in hyperbolic geometry,
or the length of a segment in Euclidean geometry.
Using the notation in (158) – (159), we restate Theorem 20 as follows, noting that
by (127) and (122),
(160) d3⊖d2 = |PA3|⊖|PA2| = |A2A3| .
Theorem 21. (The Gyrotangent–Gyrosecant Theorem, II). If a gyrotangent
of a gyrocircle from an external point P meets the gyrocircle at A1, and a gyrosecant
from P meets the gyrocircle at A2 and A3, as shown in Fig. 12, then
(161) γ2|PA1||PA1|2 =
2
γ|A2A3| + 1
γ|PA2||PA2|γ|PA3||PA3| .
In the Euclidean limit, s → ∞, gyrolengths of gyrosegments tend to lengths
of corresponding segments and gamma factors tend to 1. Hence, in that limit, the
Gyrotangent–Gyrosecant Theorem 21 reduces to the following well-known Tangent–
Secant Theorem of Euclidean geometry:
Theorem 22. (The Tangent–Secant Theorem). If a tangent of a circle from
an external point P meets the circle at A1, and a secant from P meets the circle at
A2 and A3, then
(162) |PA1|2 = |PA2||PA3| .
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Figure 13. Illustrating the Intersecting Gyrosecants Theorem
23, two intersecting gyrosecants PA3 and PB3 of a gyrocircle are
shown. They, respectively, intersect the gyrocircle at the points
A2, A3 and at the points B2, B3.
14. The Intersecting Gyrosecants Theorem
As an obvious corollary of the Gyrotangent–Gyrosecant Theorem 21 we have the
following theorem for intersecting gyrosecants of a gyrocircle:
Theorem 23. (The Intersecting Gyrosecants Theorem). If two gyrosecants
of a gyrocircle in an Einstein gyrovector space (Rns ,⊕,⊗), drawn to the gyrocircle
from an external point P , meet the gyrocircle at points A2, A3 and at points B2, B3,
respectively, as shown in Fig. 13, then
(163)
γ|PA2||PA2|γ|PA3||PA3|
γ|A2A3| + 1
=
γ|PB2||PB2|γ|PB3||PB3|
γ|B2B3| + 1
.
Proof. Let PA1 be a gyrotangent gyrosegment of the gyrocircle drawn from P and
meeting the gyrocircle at A1, as shown in Fig. 13. Then, by Theorem 21, each of the
two sides of (163) equals half the left-hand side of (161) thus verifying (163). 
In the Euclidean limit, s → ∞, gyrolengths of gyrosegments tend to lengths
of corresponding segments and gamma factors tend to 1. Hence, in that limit,
the Intersecting Gyrosecants Theorem 23 of hyperbolic geometry reduces to the
following well-known Intersecting Secants Theorem of Euclidean geometry:
Theorem 24. (The Intersecting Secants Theorem). If two secants of a circle
in a Euclidean vector space Rn, drawn to the circle from an external point P , meet
the circle at points A2, A3 and at points B2, B3, respectively, then
(164) |PA2||PA3| = |PB2||PB3| .
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15. Gyrocircle Gyrobarycentric Representation
Let A1A2A3 be a gyrotriangle that possesses a circumgyrocircle in an Einstein gy-
rovector space (Rns ,⊕,⊗). The circumgyrocenter O of gyrotriangle A1A2A3, shown
in Figs. 13 and 14, possesses the gyrobarycentric representation
(165) O =
m1,OγA1A1 +m2,OγA2A2 +m3,OγA3A3
m1,OγA1 +m2,OγA2 +m3,OγA3
with respect to the gyrobarycentrically independent set {A1, A2, A3} of the reference
gyrotriangle vertices where, by (40), p. 11,
m1,O = ( γ12 + γ13 − γ23 − 1)(γ23 − 1)
m2,O = ( γ12 − γ13 + γ23 − 1)(γ13 − 1)
m3,O = (−γ12 + γ13 + γ23 − 1)(γ12 − 1) ,
(166)
as in (130) and (131).
The constant mO > 0 of the gyrobarycentric representation (165) of O is given
by (25) – (26), p. 9,
m2O = m
2
1,O +m
2
2,O +m
2
3,O
+ 2(m1,Om2,Oγ12 +m1,Om3,Oγ13 +m2,Om3,Oγ23)
= D3(D3 −H3) .
(167)
With A3 = A1⊕Span{⊖A1⊕A2,⊖A1⊕A3} ⊂ Rn, let A be a generic point in
A3 ∩Rns , given by its gyrobarycentric representation
(168) A =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to the gyrobarycentrically independent set S = {A1, A2, A3}. A re-
lationship between the gyrobarycentric coordinates m1,m2 and m3 of A is to be
determined in (183) below by the condition that the point A lies on the circumgy-
rocircle of gyrotriangle A1A2A3, as shown in Fig. 14.
By the Gyrobarycentric Representation Gyrocovariance Theorem [26, Theorem
4.6, pp. 90-91] with X = ⊖A we have
⊖A⊕O = ⊖A⊕
m1,OγA1A1 +m2,OγA2A2 +m3,OγA3A3
m1,OγA1 +m2,OγA2 +m3,OγA3
=
m1,Oγ⊖A1⊕A(⊖A⊕A1) +m2,Oγ⊖A2⊕A(⊖A⊕A2) +m3,Oγ⊖A3⊕A(⊖A⊕A3)
m1,Oγ⊖A1⊕A +m2,Oγ⊖A2⊕A +m3,Oγ⊖A3⊕A
(169)
and
(170) γd = γ⊖A⊕O =
m1,Oγ⊖A1⊕A +m2,Oγ⊖A2⊕A +m3,Oγ⊖A3⊕A
mO
,
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Figure 14. A generic point A on the circumgyrocircle
C(A1A2A3) of a gyrotriangle A1A2A3 in an Einstein gyrovec-
tor space (Rns ,⊕,⊗). The point A lies on the circumgyrocircle
C(A1A2A3) if and only if it possesses the gyrobarycentric repre-
sentation (168) with gyrobarycentric coordinates that satisfy (183).
where d = ‖⊖A⊕O‖ is the gyrodistance from A to O, and where the constant
mO > 0 of the gyrobarycentric representation (165) of O is given by (167).
We will now calculate the gamma factors γ⊖Ak⊕A, k = 1, 2, 3, that appear in
(170).
Applying the Gyrobarycentric Representation Gyrocovariance Theorem [26, The-
orem 4.6, pp. 90-91] with X = ⊖A1 to the gyrobarycentric representation (168) of
A, we have
⊖A1⊕A = ⊖A1⊕
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
=
m1γ⊖A1⊕A1(⊖A1⊕A1) +m2γ⊖A1⊕A2(⊖A1⊕A2) +m3γ⊖A1⊕A3(⊖A1⊕A3)
m1γ⊖A1⊕A1 +m2γ⊖A1⊕A2 +m3γ⊖A1⊕A3
=
m2γ12a12 +m3γ13a13
m1 +m2γ12 +m3γ13
(171)
and
(172) γ⊖A1⊕A =
m1 +m2γ12 +m3γ13
mA
,
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where mA > 0 is the constant of the gyrobarycentric representation (168) of A,
given by the equation
m2A = m
2
1 +m
2
2 +m
2
3 + 2(m1m2γ12 +m1m3γ13 +m2m3γ23)
= (m1 +m2 +m3)
2
+ 2{m1m2(γ12 − 1) +m1m3(γ13 − 1) +m2m3(γ23 − 1)} .
(173a)
It proves useful to write (173a) as
(173b) m2A = (m1 +m2 +m3)
2 + 2K(A;A1, A2, A3) ,
where
(173c) K = K(A;A1, A2, A3) =
3∑
i,j=1
i<j
mimj(γij − 1) ,
where mk, k = 1, 2, 3, are the gyrobarycentric coordinates of A in the repre-
sentation (168) of A with respect to the vertices of gyrotriangle A1A2A3, and
γij = ‖⊖Ai⊕Aj‖.
Similarly to (171) – (172), we have
(174) ⊖A2⊕A = m1γ12a21 +m3γ23a23
m1γ12 +m2 +m3γ23
and
(175) γ⊖A2⊕A =
m1γ12 +m2 +m3γ23
mA
.
Similarly to (171) – (172) and to (174) – (175), we have
(176) ⊖A3⊕A = m1γ13a31 +m2γ23a32
m1γ13 +m2γ23 +m3
and
(177) γ⊖A3⊕A =
m1γ13 +m2γ23 +m3
mA
.
Substituting the gamma factors (172), (175) and (177), as well as (166) and
(167), into (170), we obtain the elegant equation
(178) γ2d =
D3
D3 −H3
(
m1 +m2 +m3
mA
)2
,
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where, as in (28) – (29), p. 9,
D3 = 1 + 2γ12γ13γ23 − γ212 − γ213 − γ223
= 2
{
(γ12 − 1)(γ13 − 1) + (γ12 − 1)(γ23 − 1) + (γ13 − 1)(γ23 − 1)
+(γ12 − 1)(γ13 − 1)(γ23 − 1)
}
− {(γ12 − 1)2 + (γ13 − 1)2 + (γ23 − 1)2}
=
∣∣∣∣∣∣∣∣
1 γ12 γ13
γ12 1 γ23
γ13 γ23 1
∣∣∣∣∣∣∣∣
(179a)
and
(179b) H3 = 2(γ12 − 1)(γ13 − 1)(γ23 − 1) .
As expected, the denominator D3 −H3 in (178) is positive, by the circumgyro-
circle existence condition (30c), p. 9.
The point A in (168) lies on the circumgyrocircle of gyrotriangleA1A2A3 (Fig. 14)
if and only if d = R, or, equivalently, if and only if
(180) γ2d = γ
2
R .
Inserting into (180) γ2d from (178) and γ
2
R from (51), p. 14, we obtain the equation
(181)
D3
D3 −H3
(
m1 +m2 +m3
mA
)2
=
D3
D3 −H3 ,
implying
(182) m2A = (m1 +m2 +m3)
2 .
The latter, in turn, is valid if and only
(183) K(A;A1, A2, A3) :=
3∑
i,j=1
i<j
mimj(γij − 1) = 0 ,
as we see from (173). Equation (183) expresses the circumgyrocircle condition in
the sense that it provides a necessary and sufficient condition that the point A in
(168) lies on the circumgyrocircle C(A1A2A3) of gyrotriangle A1A2A3.
A gyrotrigonometric version of the circumgyrocircle condition (183) follows from
[26, Eq. (7.149), p. 188],
m1m2 sinα3 sin(α3 +
δ
2
) +m1m3 sinα2 sin(α2 +
δ
2
)
+m2m3 sinα1 sin(α1 +
δ
2
) = 0 .
(184)
In order to parametrize the points of the circumgyrocircle C(A1A2A3) of a gyro-
triangle A1A2A3 in an Einstein gyrovector space R
n
s by a real parameter, we assume
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Figure 15. Several points on the circumgyrocircle C(A1A2A3) of
a gyrotriangle A1A2A3 in an Einstein gyrovector space (R
n
s ,⊕,⊗),
n ≥ 2, determined by several values of the gyrocircle parameter t in
(206), t = −8,−7, . . . ,−1, 0, 1, . . . , 7, 8, are presented. Clearly, the
parameter value t = 0 corresponds to gyrobarycentric coordinates
m1 = m2 = 0,m3 6= 0, as evidenced from (186). The latter, in turn,
corresponds to the point A = A3 on the circumgyrocircle, as shown
here and as evidenced from (168). When t → ±∞, corresponding
points on the circumgyrocircle tend to A2, as indicated here and as
evidenced from (186), where |m1|, |m3| << |m2| for large |t|. The
point A1 on the circumgyrocircle corresponds to the parameter
value t = −(γ13 − 1)/(γ12 − 1).
m3 6= 0, so that the circumgyrocircle condition (183) can be written as
(185)
m1
m3
m2
m3
(γ12 − 1) +
m1
m3
(γ13 − 1) +
m2
m3
(γ23 − 1) = 0 .
Selecting m2/m3 = t as a parameter on the extended real line, t ∈ R ∪ {−∞,∞},
a system of parametric gyrobarycentric coordinates of the point A in (168) with
respect to the gyrobarycentrically independent set {A1, A2, A3} that obeys the cir-
cumgyrocircle condition (183) is obtained, given by
m1 = −(γ23 − 1)t
m2 = (γ12 − 1)t2 + (γ13 − 1)t = m3t
m3 = (γ12 − 1)t+ (γ13 − 1) .
(186)
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Figure 16. Several points on the circumgyrocircle C(A1A2A3) of
a gyrotriangle A1A2A3 in an Einstein gyrovector space (R
n
s ,⊕,⊗),
n ≥ 2, determined by several values of the circumgyrocircle pa-
rameter θ in (189), θ = k(2π/24), k = 0, 1, 2, . . . , 24, are presented.
The parameter values that correspond to k = 0 (θ = 0) and k = 24
(θ = 2π) represent jointly the point A3 and are, accordingly, iden-
tified. The parameter value that corresponds to k = 12 (θ = π)
represents the point A2.
Several points A of the circumgyrocircle C(A1A2A3) of a gyrotriangle A1A2A3,
which are given by (168) and (186) and which correspond to the circumgyrocir-
cle parameter values t = −8,−7, . . . ,−1, 0, 1, . . . , 7, 8, are shown in Fig. 15. The
parameter values t = −∞ and t =∞ correspond jointly to the point A2.
The two special values, t = ±∞, of the parameter t are identified in the sense
that they correspond jointly to the same point, A2, on circumgyrocircle C(A1A2A3),
as shown in Fig. 15. This identification suggests the replacement of the parameter
t ∈ R ∪ {−∞,∞} by the parameter θ, −π ≤ θ ≤ π, according to the bijective
(one-to-one) relation
(187) t = tan
θ
2
,
for which a corresponding identification is built in naturally. Indeed, the two values
θ = ±π correspond to the two values t = ±∞ and, accordingly, θ = −π and θ = π
are identified.
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Inserting t from (187) in (186), and noting that tan θ2 = sin
θ
2/ cos
θ
2 , and that
gyrobarycentric coordinates are homogeneous, we obtain the following system of
parametric gyrobarycentric coordinates of the point A in (168), p. 38, with respect
to the set S,
m1 = −(γ23 − 1) sin
θ
2
cos
θ
2
m2 = (γ12 − 1) sin2
θ
2
+ (γ13 − 1) sin
θ
2
cos
θ
2
m3 = (γ12 − 1) sin
θ
2
cos
θ
2
+ (γ13 − 1) cos2
θ
2
.
(188)
We now apply to (188) well-known trigonometric half-angle identities, noting that
gyrobarycentric coordinates are homogeneous, and translate the parameter interval
by π, from the interval [−π, π] to the interval [0, 2π], obtaining the following elegant
parametric gyrobarycentric coordinates of A in (168). p. 38.
m1 = −(γ23 − 1) sin θ
m2 = (γ13 − 1) sin θ + (γ12 − 1)(1− cos θ)
m3 = (γ12 − 1) sin θ + (γ13 − 1)(1 + cos θ) ,
(189)
0 ≤ θ ≤ 2π. The two values of the parameter θ, θ = 0 and θ = 2π, are identified, as
indicated in Fig. 16, where several points A on the circumference of circumgyrocircle
C(A1A2A3), which correspond to several values of the circumgyrocircle parameter
θ, 0 ≤ θ ≤ 2π, are presented.
16. Gyrocircle Interior and Exterior Points
We are now in the position to present a definition followed by two theorems that
characterize the points of the circumgyrocircle of a given gyrotriangle, as well as
interior and exterior points of the circumgyrocircle in Einstein gyrovector spaces.
Definition 25. (Gyrocircle Interior andExteriorPoints). Let A1A2A3 be a
gyrotriangle that possesses a circumgyrocircle C(A1A2A3) with circumgyrocenter O
and circumgyroradius R in an Einstein gyrovector space (Rns ,⊕,⊗). Let P be a
generic point in A3 ∩ Rns ,
(190) P =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
∈ A3 ∩ Rns ,
where, as in (8), p. 4,
(191) A3 = A1⊕Span{⊖A1⊕A2,⊖A1⊕A3} ⊂ Rn ,
and let d = ‖⊖P⊕O‖ be the gyrodistance of P from O. Then, P lies
(1) in the interior of C(A1A2A3) if d < R;
(2) in the exterior of C(A1A2A3) if d > R; and
(3) on C(A1A2A3) if d = R.
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Theorem 26. (Point toCircumgyrocenterGyrodistance). Let A1A2A3 be a
gyrotriangle that possesses a circumgyrocircle C(A1A2A3) with circumgyrocenter
O and circumgyroradius R in an Einstein gyrovector space (Rns ,⊕,⊗), and let A∈
A3 ∩Rns be a point given by its gyrobarycentric representation
(192) A =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to the gyrobarycentrically independent set S = {A1, A2, A3}. Further-
more, let
(193) d = ‖⊖A⊕O‖
be the gyrodistance from A to O.
Then,
(194) d =
√
1− 2s
2K
M2γ2RR
2
R ,
where
(195) K =
3∑
i,j=1
i<j
mimj(γij − 1)
and
(196) M =
3∑
k=1
mk .
Proof. Following (i) (178), p. 40, and (ii) (51), p. 14, and (iii) (173), p. 40, we have
γ2d =
D3
D3 −H3
M2
m2A
γ2R =
D3
D3 −H3
m2A =M
2 + 2K
(197)
where D3 and H3 are given by (179).
Hence, by (197) and (4), p. 3, or (53), p. 14,
(198) R2 = s2
γ2R − 1
γ2R
= s2
H3
D3
and
(199) d2 = s2
γ2d − 1
γ2d
= s2
M2H3 − 2K(D3 −H3)
M2D3
,
so that, by straightforward algebra,
(200)
d2
R2
= 1− 2s
2K
M2γ2RR
2
,
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as desired. 
Theorem 27. (Gyrocircle Gyrobarycentric Representation). Let A1A2A3
be a gyrotriangle that possesses a circumgyrocircle C(A1A2A3) with circumgyro-
center O and circumgyroradius R in an Einstein gyrovector space (Rns ,⊕,⊗), and
let A∈A3 ∩ Rns be a point given by its gyrobarycentric representation
(201) A =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to the gyrobarycentrically independent set S = {A1, A2, A3}. Further-
more, let
K(A;A1, A2, A3) = m1m2(γ12 − 1) +m1m3(γ13 − 1) +m2m3(γ23 − 1) ,
T (A;A1, A2, A3) = m1m2 sinα3 sin(α3 +
δ
2
) +m1m3 sinα2 sin(α2 +
δ
2
)
+m2m3 sinα1 sin(α1 +
δ
2
) ,
(202)
where αk, k = 1, 2, 3, is the vertex gyroangle of vertex Ak of gyrotriangle A1A2A3,
be two scalars associated with the point A.
(1) The point A lies on the circumgyrocircleC(A1A2A3) of gyrotriangleA1A2A3
if and only if the gyrobarycentric coordinates m1,m2,m3 of A in (201) sat-
isfy the circumgyrocircle condition
(203a) K(A;A1, A2, A3) = 0
or, equivalently, the gyrotrigonometric circumgyrocircle condition
(203b) T (A;A1, A2, A3) = 0 .
(2) The point A lies in the interior of circumgyrocircle C(A1A2A3) if and only
if
(204a) K(A;A1, A2, A3) > 0
or, equivalently,
(204b) T (A;A1, A2, A3) > 0 .
(3) The point A lies in the exterior of circumgyrocircle C(A1A2A3) if and only
if
(205a) K(A;A1, A2, A3) < 0
or, equivalently,
(205b) T (A;A1, A2, A3) < 0 .
Moreover, the circumgyrocircle C(A1A2A3) is the locus of the point A
in (201), with parametric gyrobarycentric coordinates mk, k = 1, 2, 3, given
(4) by the parametric equations
m1 = −(γ23 − 1)t
m2 = (γ12 − 1)t2 + (γ13 − 1)t = m3t
m3 = (γ12 − 1)t+ (γ13 − 1)
(206)
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with the parameter t, t ∈ R ∪ {−∞,∞}, where the two parameter values
t = −∞ and t =∞ are identified (Fig. 15), or, equivalently,
(5) by the parametric equations
m1 = −(γ23 − 1) sin θ
m2 = (γ13 − 1) sin θ + (γ12 − 1)(1− cos θ)
m3 = (γ12 − 1) sin θ + (γ13 − 1)(1 + cos θ)
(207)
with the parameter θ, 0 ≤ θ ≤ 2π, where the two parameter values θ = 0
and θ = 2π are identified (Fig. 16).
(6) The circumgyrocenter, O, of gyrotriangle A1A2A3 is given by (165) – (166),
p. 38, and, gyrotrigonometrically, by (39) – (41), p. 12.
(7) The circumgyroradius, R, of gyrotriangle A1A2A3 is given by (198).
Proof. The equivalence between K and T in the Theorem is proved in (183) – (184).
The proof of each item of the Theorem follows.
(1) It follows from (194) that K = K(A;A1, A2, A3) vanishes if an only if
d = R, that is, by Def. 25, if an only if the point A lies on circumgyrocircle
C(A1A2A3).
(2) It follows from (194) thatK = K(A;A1, A2, A3) > 0 if an only if d < R, that
is, by Def. 25, if an only if the point A lies in the interior of circumgyrocircle
C(A1A2A3).
(3) It follows from (194) thatK = K(A;A1, A2, A3) < 0 if an only if d > R, that
is, by Def. 25, if an only if the point A lies in the exterior of circumgyrocircle
C(A1A2A3).
(4) Item (4) follows from (186).
(5) Item (5) follows from (189).
(6) The proof of Item (6) is given in the derivation of (165) – (166), p. 38, and
(39) – (41), p. 12.
(7) The proof of Item (7) is given in the derivation of (198).
The proof of the Theorem is thus complete. 
Example 28. Let A be a point in an Einstein gyrovector space Rns , n ≥ 2, given
by its gyrobarycentric representation (201) with respect to a gyrobarycentrically
independent set {A1, A2, A3}, with gyrobarycentric coordinates m1 = 0, m2 = 0
and m3 6= 0. Then, A = A3, and the gyrobarycentric coordinates of A satisfy the
circumgyrocircle condition (203) of Theorem 27. Hence, by Theorem 27, the point
A3 lies on the circumgyrocircle of gyrotriangle {A1, A2, A3}, as obviously expected.
Example 29. Let A be a point in an Einstein gyrovector space Rns , n ≥ 2, given by
its gyrobarycentric representation (201) with respect to a gyrobarycentrically inde-
pendent set {A1, A2, A3}, where gyrotriangle A1A2A3 is equilateral. Then, A lies
on the circumgyrocircle of gyrotriangle A1A2A3 if and only if the gyrobarycentric
coordinates m1,m2,m3 of A in (201) satisfy the circumgyrocircle condition
(208) m1m2 +m1m3 +m2m3 = 0 .
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17. Circle Barycentric Representation
Lemma 10, p. 19, enables Theorem 27 to be reduced to its Euclidean counterpart,
Theorem 31. As an immediate application of Lemma 10 we, therefore, note that
(209) lim
s→∞ 2s
2K(A;A1, A2, A3) = m1m2a
2
12 +m1m3a
2
13 +m2m3a
2
23
where K = K(A;A1, A2, A3) is given by (202), and aij = ‖ −Ai +Aj‖.
Definition 30. (Circle Interior andExteriorPoints). Let A1A2A3 be a trian-
gle and let C(A1A2A3), O and R be, respectively, the circumcircle, circumcenter
and circumradius of the triangle in a Euclidean space Rn. Let P be a generic point
in Aeuc3 ,
(210) P =
m1A1 +m2A2 +m3A3
m1 +m2 +m3
∈ Aeuc3 ,
where
(211) Aeuc3 = A1 + Span{−A1 +A2,−A1 +A3} ⊂ Rn ,
and let d = ‖ − P +O‖ be the distance of P from O. Then, P lies
(1) in the interior of C(A1A2A3) if d < R;
(2) in the exterior of C(A1A2A3) if d > R; and
(3) on C(A1A2A3) if d = R.
Theorem 31. (Point toCircumcenterDistance). Let A1A2A3 be a triangle
and let C(A1A2A3), O and R be, respectively, the circumcircle, circumcenter and
circumradius of the triangle in a Euclidean space Rn, and let A∈Aeuc3 be a point
given by its barycentric representation
(212) A =
m1A1 +m2A2 +m3A3
m1 +m2 +m3
with respect to the barycentrically independent set S = {A1, A2, A3}. Furthermore,
let
(213) d = ‖ −A+O‖
be the distance from A to O.
Then,
(214) d =
√
1− Keuc
M2R2
R ,
where
(215) Keuc =
3∑
i,j=1
i<j
mimja
2
ij ,
aij = ‖ −Ai +Aj‖, and
(216) M =
3∑
k=1
mk .
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Figure 17. Illustrating Theorems 31 and 32. The circumcircle
C(A1A2A3) of triangle A1A2A3 in the Euclidean plane R
2 is the
locus of the point A with barycentric representation (217), where
its parametric barycentric coordinates are given by (222) or, equiv-
alently, by (223). The radius of C(A1A2A3) is R = ‖ − O + Ak‖,
k = 1, 2, 3, and the distance d = ‖−A+O‖ from a generic point A in
the triangle plane to the center O of C(A1A2A3) is given by (214).
The latter provides an elegant condition in Theorem 32 that deter-
mines whether the point A lies on the circumcircle C(A1A2A3), or
in its interior or exterior.
Proof. Theorem 31 is the Euclidean counterpart of Theorem 26. The proof of
Theorem 31 from Theorem 26 is immediate, noting (209), and noting that each
equation in Theorem 31 is the Euclidean limit, s→∞, of a corresponding equation
in Theorem 26. 
The Euclidean counterpart of the Gyrocircle Gyrobarycentric Representation
Theorem 27 is the following elegant theorem, illustrated in Fig. 17.
Theorem 32. (Circle Barycentric Representation). LetA, A ∈ A1+Span{−A1+
A2,−A1 +A3} ⊂ Rn, be a point given by its barycentric representation
(217) A =
m1A1 +m2A2 +m3A3
m1 +m2 +m3
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with respect to the barycentrically independent set S = {A1, A2, A3} in a Euclidean
space Rn, n ≥ 2, and let
Keuc(A;A1A2A3) = m1m2a
2
12 +m1m3a
2
13 +m2m3a
2
23
Teuc(A;A1A2A3) = m1m2 sin
2 α3 +m1m3 sin
2 α2 +m2m3 sin
2 α3
(218)
where αk, k = 1, 2, 3, is the vertex angle of vertex Ak of triangle A1A2A3, be two
scalars associated with A.
(1) The point A lies on the circumcircle C(A1A2A3) of triangle A1A2A3 if and
only if the barycentric coordinates m1,m2,m3 of A in (217) satisfy the
circumcircle condition
(219a) Keuc(A;A1, A2, A3) = 0
or, equivalently, the trigonometric circumcircle condition
(219b) Teuc(A;A1, A2, A3) = 0 .
(2) The point A lies in the interior of circumcircle C(A1A2A3) if and only if
(220a) Keuc(A;A1, A2, A3) > 0
or, equivalently,
(220b) Teuc(A;A1, A2, A3) > 0 .
(3) The point A lies in the exterior of circumcircle C(A1A2A3) if and only if
(221a) Keuc(A;A1, A2, A3) < 0
or, equivalently,
(221b) Teuc(A;A1, A2, A3) < 0 .
Moreover, the circumcircle C(A1A2A3) is the locus of the point A in
(217), with parametric barycentric coordinates mk, k = 1, 2, 3, given
(4) by the parametric equations
m1 = −t sin2 α1
m2 = t sin
2 α2 + t
2 sin2 α3 = m3t
m3 = sin
2 α2 + t sin
2 α3
(222)
with the parameter t, t ∈ R ∪ {−∞,∞}, where the two parameter values
t = −∞ and t =∞ are identified, or, equivalently,
(5) by the parametric equations
m1 = − sin2 α1 sin θ
m2 = sin
2 α2 sin θ + sin
2 α3(1− cos θ)
m3 = sin
2 α3 sin θ + sin
2 α2(1 + cos θ)
(223)
with the parameter θ, 0 ≤ θ ≤ 2π, where the two parameter values θ = 0
and θ = 2π are identified.
(6) The circumcenter, O, of triangle A1A2A3 is given trigonometrically by (48),
p. 13.
(7) The circumradius, R, of triangle A1A2A3 is given by (81), p. 20.
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Proof. In the Euclidean limit, s→∞, gamma factors tend to 1. Hence, in that limit,
the gyrobarycentric representation of A ∈ Rns in (201) tends to the corresponding
barycentric representations of A ∈ Rn in (217).
By Lemma 10, in the Euclidean limit the circumgyrocircle condition (203a)
(where K is given by (202)) tends to (219a) (where Keuc is given by (218)).
In the Euclidean limit gyrotriangle defects vanish. Hence, in that limit, the
circumgyrocircle condition (203b) (where T is given by (202)) tends to (219b) (where
Teuc is given by (218)), as desired.
The proof of Inequalities (220) and (221) follows, similarly, from Inequalities
(204) and (205).
Similarly, the proof of (222) – (223) follows from (206) – (207) and from Euclidean
limits that result immediately from Lemma 10.
The proof of Item (6) is presented in the derivation of (48), p. 13, and the proof
of Item (7) is presented in the derivation of (81), p. 20. 
18. Gyrocircle Gyroline Intersection
Let P ∈ A3 ∩ Rns be a point given by its gyrobarycentric representation
(224) P =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to a gyrobarycentrically independent set S = {A1, A2, A3} in an Ein-
stein gyrovector space (Rns ,⊕,⊗). Additionally, let P ′ ∈ Rns be a point that lies
arbitrarily on the circumgyrocircle C(A1A2A3) of gyrotriangle A1A2A3, as shown
in Figs. 18 – 19, given by its parametric gyrobarycentric representation
(225) P ′ = P ′(t) =
m′1γA1A1 +m
′
2γA2A2 +m
′
3γA3A3
m′1γA1 +m
′
2γA2 +m
′
3γA3
with respect to the set S, where the parametric gyrobarycentric coordinates of P ′
are presented in (229) below.
Furthermore, let P ′′ ∈ A3 ∩Rns be a point given by its gyrobarycentric represen-
tation
(226) P ′′ =
m′′1γA1A1 +m
′′
2γA2A2 +m
′′
3γA3A3
m′′1γA1 +m
′′
2γA2 +m
′′
3γA3
with respect to the set S, such that
(1) P ′′ lies on the gyroline LPP ′ that passes through the points P and P ′; and
(2) P ′′ and P ′, P ′′ 6= P ′, lie on the circumgyrocircle C(A1A2A3) of gyrotriangle
A1A2A3, as shown in Figs. 18 – 19.
We will determine the gyrobarycentric coordinates of P ′′ in terms of those of P
and P ′ and in terms of the reference gyrotriangle A1A2A3 in (230) – (231) below.
Following the condition that P ′′ lies on circumgyrocircle C(A1A2A3), by the
Gyrocircle Gyrobarycentric Representation Theorem 27, p. 46, the gyrobarycentric
52
PSfrag replacements
A1
A2
A3 P
P ′
P ′′
Figure 18. The point P ′ lies arbitrarily on the circumgyrocir-
cle C(A1A2A3) of gyrotriangle A1A2A3 in an Einstein gyrovector
plane (R2s,⊕,⊗), and P, P 6= P ′, is a point in R2s. Both P and P ′
are given by their gyrobarycentric representation with respect to
the gyrobarycentrically independent set S = {A1, A2, A3} of ver-
tices of the reference gyrotriangleA1A2A3. The point P
′′, P ′′ 6= P ′,
that lies on the intersection of the circumgyrocircle C(A1A2A3)
and the gyroline LPP ′ through P and P ′ possesses a gyrobarycen-
tric representation with respect to the set S, with gyrobarycentric
coordinates that are determined by those of P and P ′ according to
(237) – (238).
coordinates m′′k of P
′′ satisfy the circumgyrocircle condition (203). That is,
(227) m′′1m
′′
2(γ12 − 1) +m′′1m′′3(γ13 − 1) +m′′2m′′3(γ23 − 1) = 0 .
We wish to express, in (230) below, the gyrobarycentric coordinates m′′k of P
′′ in
terms of the gyrobarycentric coordinates of P and P ′.
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Figure 19. In Fig. 18 the point P lies in the exterior of the
circumgyrocircle C(A1A2A3) of gyrotriangle A1A2A3. Here, in
contrast, the point P lies in the interior of C(A1A2A3). As in
Fig. 18, the point P ′′ lies on the intersection of circumgyrocircle
C(A1A2A3) and the gyroline LPP ′ that passes through the points
P and P ′. The gyrobarycentric coordinates of P ′′ are determined
by those of P and P ′ according to (237) – (238). Both Figs. 18 and
19 illustrate Theorem 33, p. 54.
Since the point P ′′ lies on gyroline LPP ′ , its gyrobarycentric coordinates m′′k,
k = 1, 2, 3, are given parametrically by [26, Sect. 4.10], that is,
m′′1 = m1(m
′
1γ11 +m
′
2γ12 +m
′
3γ13)−
{∣∣∣∣∣m1 m2m′1 m′2
∣∣∣∣∣ γ12 +
∣∣∣∣∣m1 m3m′1 m′3
∣∣∣∣∣ γ13
}
t0 ,
m′′2 = m2(m
′
1γ11 +m
′
2γ12 +m
′
3γ13) +
{∣∣∣∣∣m1 m2m′1 m′2
∣∣∣∣∣ γ11 −
∣∣∣∣∣m2 m3m′2 m′3
∣∣∣∣∣ γ13
}
t0 ,
m′′3 = m3(m
′
1γ11 +m
′
2γ12 +m
′
3γ13) +
{∣∣∣∣∣m1 m3m′1 m′3
∣∣∣∣∣ γ11 +
∣∣∣∣∣m2 m3m′2 m′3
∣∣∣∣∣ γ12
}
t0 ,
(228)
γ11 = 1, with the parameter t0 ∈ R.
54
The point P ′ lies on circumgyrocircleC(A1A2A3) of gyrotriangleA1A2A3. Hence,
by (206), the gyrobarycentric coordinates m′k of P
′ can be parametrized as
m′1 = −(γ23 − 1)t
m′2 = (γ12 − 1)t2 + (γ13 − 1)t = m′3t
m′3 = (γ12 − 1)t+ (γ13 − 1) ,
(229)
with the parameter t ∈ R ∪ {−∞,∞}.
Inserting (229) in (228), and, successively, inserting the resulting gyrobarycentric
coordinates m′′k in the circumgyrocircle condition (227), we obtain a linear equation
for the unknown t0. The resulting solution, T0 of t0 is too involved and hence is not
presented here. Inserting t0 = T0 in (228), we obtain the desired gyrobarycentric
coordinates m′′k , k = 1, 2, 3, of P
′′. The resulting expressions of m′′k are, initially,
involved. Fortunately, however, these involved expressions can be factorized and,
owing to the homogeneity of gyrobarycentric coordinates, nonzero common factors
are irrelevant and, hence, can be omitted. The resulting gyrobarycentric coordinates
m′′k in the gyrobarycentric representation of P
′′ in (226) turn out to be simple and
elegant. These are
m′′1 = E1E2
m′′2 = E0E1(γ13 − 1)
m′′3 = −E0E2(γ12 − 1) ,
(230)
where
E0 = m2 −m3t
E1 = m1(γ13 − 1) +m2(γ23 − 1) +m1(γ12 − 1)t
E2 = m1(γ13 − 1) +m1(γ12 − 1)t+m3(γ23 − 1)t .
(231)
Interestingly, E0, E1 and E2 are related by the equation
(232) E1 − E2 = E0(γ23 − 1) .
Formalizing, we obtain the following Theorem:
Theorem 33. (The Gyroline Gyrocircle Intersection Theorem).
(1) Let A1A2A3 be a gyrotriangle that possesses a circumgyrocircle in an Ein-
stein gyrovector space (Rns ,⊕,⊗), n ≥ 2,
(2) let P ∈ A3 ∩Rns be a point given by its gyrobarycentric representation
(233) P =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to the gyrobarycentrically independent set S = {A1, A2, A3}
of the vertices of the reference gyrotriangle A1A2A3,
(3) let P ′ be a point that lies arbitrarily on the circumgyrocircle C(A1A2A3)
of gyrotriangle A1A2A3, P
′ 6= P , and
(4) let P ′′ be the unique point that lies simultaneously on the circumgyrocircle
C(A1A2A3) and on the gyroline LPP ′ that passes through the points P and
P ′ where, in general, P ′′ 6= P ′, as shown in Figs. 18 – 19. Finally,
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(5) let P ′ be parametrized by the parameter t,
(234) t ∈ R ∪ {−∞,∞} ,
so that following the Gyrocircle Gyrobarycentric Representation Theorem
27, (206), p. 46, P ′ possesses the gyrobarycentric representation
(235) P ′ = P ′(t) =
m′1γA1A1 +m
′
2γA2A2 +m
′
3γA3A3
m′1γA1 +m
′
2γA2 +m
′
3γA3
with respect to the set S, where
m′1 = −(γ23 − 1)t
m′2 = (γ12 − 1)t2 + (γ13 − 1)t = m′3t
m′3 = (γ12 − 1)t+ (γ13 − 1) .
(236)
Then, the point P ′′ possesses the t-dependent gyrobarycentric representation
(237) P ′′ = P ′′(t) =
m′′1γA1A1 +m
′′
2γA2A2 +m
′′
3γA3A3
m′′1γA1 +m
′′
2γA2 +m
′′
3γA3
with respect to the set S, where
m′′1 = E1E2
m′′2 = E0E1(γ13 − 1)
m′′3 = −E0E2(γ12 − 1) ,
(238)
and where
E0 = m2 −m3t
E1 = m1(γ13 − 1) +m2(γ23 − 1) +m1(γ12 − 1)t
E2 = m1(γ13 − 1) +m1(γ12 − 1)t+m3(γ23 − 1)t .
(239)
19. Gyrocircle–Gyroline Tangency Points
Theorem 34. (The Gyrocircle Gyrotangents Theorem). Let P ∈ A3 ∩ Rns
be a point given by its gyrobarycentric representation
(240) P =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to a gyrobarycentrically independent set S = {A1, A2, A3} in an Ein-
stein gyrovector plane (R2s,⊕,⊗), and let C(A1A2A3) be the circumgyrocircle of
gyrotriangle A1A2A3. Then the two tangency points P± of the gyrotangent gyro-
lines of circumgyrocircle C(A1A2A3) that pass through the point P , when exist as
shown in Fig. 20, are given by their gyrobarycentric representations
(241) P± =
m′1γA1A1 +m
′
2γA2A2 +m
′
3γA3A3
m′1γA1 +m
′
2γA2 +m
′
3γA3
56
with respect to S. The gyrobarycentric coordinates m′k, k = 1, 2, 3, of P± are given
in terms of the gyrobarycentric coordinates mk of P and the sides of gyrotriangle
A1A2A3 by the equations
m′1 = F0F1(γ23 − 1)
m′2 = F1F2
m′3 = −F0F2(γ12 − 1) ,
(242)
where
F0 = m1(γ12 − 1) +m3(γ23 − 1)
F1 = m1(γ12 − 1)(γ13 − 1)±
√
−∆1∆2
F2 = −m3(γ13 − 1)(γ23 − 1)±
√
−∆1∆2 ,
(243)
and where
∆1 = m1m2(γ12 − 1) +m1m3(γ13 − 1) +m2m3(γ23 − 1)
∆2 = (γ12 − 1)(γ13 − 1)(γ23 − 1) > 0 .
(244)
(1) Two distinct tangency points, P± , exist if and only if ∆1 < 0 or, equiva-
lently, if and only if the point P lies in the exterior of the circumgyrocircle
C(A1A2A3), as shown in Fig. 20.
(2) The two distinct tangency points degenerate to a single one, P± = P if
and only if ∆1 = 0 or, equivalently, if and only if the point P lies on the
circumgyrocircle C(A1A2A3).
(3) There are no tangency points if and only if ∆1 > 0 or, equivalently, if and
only if the point P lies in the interior of the circumgyrocircle C(A1A2A3).
The constant mP± of the gyrobarycentric representation (241) of P± is given by
(245) mP± = (γ12 − 1)(γ13 − 1)(γ23 − 1)E1 ±
√
−∆1∆2E2 ,
where
E1 = (m1 −m2 +m3){m1(γ12 − 1) +m3(γ23 − 1)} − 2m1m3(γ13 − 1)
E2 = −m1(γ12 − 1)2 +m3(γ23 − 1)2 +m1(γ12 − 1)(γ13 − 1)
−m3(γ13 − 1)(γ23 − 1) + (m1 −m3)(γ12 − 1)(γ23 − 1) .
(246)
Proof. The Gyroline Gyrocircle Intersection Theorem 33 enables gyrocircle–gyroline
tangency points to be determined. Indeed, in the special case when the two points
P ′ and P ′′ in Theorem 33, in (235) and in (237), shown in Fig. 18, are coinci-
dent, the resulting point, Pt := P
′ = P ′′ is a point of tangency. There are two
distinct ways for the points P ′ and P ′′ to become coincident by approaching each
other along the circumference of the circumgyrocircle C(A1A2A3) of gyrotriangle
A1A2A3. These give rise to two tangency points to the circumgyrocircle that lie on
the two gyrotangent gyrolines that pass through the point P , shown in Fig. 20.
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Figure 20. Illustrating the Gyrocircle Tangents Theorem 34.
The two tangency points P± of the circumgyrocircle C(A1A2A3) of
a gyrotriangle A1A2A3 in an Einstein gyrovector plane (R
2
s,⊕,⊗),
which lie on the tangent lines that pass through a point P that lies
in the exterior of the circumgyrocircle, are shown. The Euclidean
counterpart of this figure is presented in Fig. 21.
The points P ′ and P ′′ in (235) and (237) possess gyrobarycentric representations
that involve the parameter t ∈ R ∪ {−∞,∞}. The condition P ′ = P ′′ that gives
rise to tangency points determines the values of the parameter t that correspond to
the two tangency points.
Indeed, if P ′ = P ′′ then it follows from the gyrobarycentric representations of P ′
and P ′′ in (235) and (237) that
m′2
m′1
=
m′′2
m′′1
m′3
m′1
=
m′′3
m′′1
,
(247)
thus obtaining two equations for the parameter t that gives rise to the tangency
points.
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Inserting (236) and (238) – (239) in (247), we see that the two equations in (247)
are equivalent to each other. Solving one of these equations for the unknown pa-
rameter value t, we obtain
(248) t =
−m1(γ12 − 1)(γ13 − 1)±
√−∆1∆2
{m1(γ12 − 1) +m3(γ23 − 1)}(γ12 − 1)
,
where
∆1 = m1m2(γ12 − 1) +m1m3(γ13 − 1) +m2m3(γ23 − 1)
∆2 = (γ12 − 1)(γ13 − 1)(γ23 − 1) > 0 .
(249)
We see from the Gyrocircle Gyrobarycentric Representation Theorem 27, p. 46,
that
(1) ∆1 = 0 if and only if P lies on circumgyrocircle C(A1A2A3);
(2) ∆1 > 0 if and only if the point P in (233) lies in the interior of circumgy-
rocircle C(A1A2A3); and
(3) ∆1 < 0 if and only if the point P lies in the exterior of circumgyrocircle
C(A1A2A3).
We thus see from (248) that a value of the real parameter t that corresponds
to a tangency point Pt, Pt := P
′ = P ′′, exists if and only if the point P lies on
circumgyrocircle C(A1A2A3) or in its exterior. Indeed, this result is expected since
it is clear from Figs. 18 – 19 that a gyrotangent gyroline to the circumgyrocircle
that passes through the point P exists if and only if P lies in the exterior of the
circumgyrocircle. Clearly, the two distinct tangency points P± of circumgyrocircle
C(A1A2A3) degenerate to a single point, P± = P , if and only if the point P lies on
the circumgyrocircle.
Inserting the parameter value of t from (248) into the gyrobarycentric coordinates
m′k, k = 1, 2, 3, of P
′ in (236), and omitting irrelevant nonzero common factors, we
obtain the gyrobarycentric coordinates in (242) – (244), as desired.
By [26, Eq. (4.27), p. 90] and the Gyrobarycentric representation Gyrocovariance
Theorem, [26, Theorem 4.6, pp. 90-91], the constant mP± of the gyrobarycentric
representation (241) of P± is given by the equation
(250) m2P± = (m
′
1)
2 + (m′2)
2 + (m′3)
2 + 2(m′1m
′
2γ12 +m
′
1m
′
3γ13 +m
′
2m
′
3γ23) .
The substitution of the gyrobarycentric coordinates m′k from (242) into (250) yields
(245), as desired. 
20. Gyrocircle Gyrotangent Gyrolength
Let P± denote collectively the two tangency points, P+ and P−, of the gyrotan-
gent gyrolines drawn from a point P to the circumgyrocircle C(A1A2A3) of a gy-
rotriangle A1A2A3 in an Einstein gyrovector space (R
n
s ,⊕,⊗), as shown in Fig. 20
for n = 2. Accordingly, let P ∈ Span{⊖A1⊕A2, ⊖A1⊕A3} ⊂ Rn be a point on the
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gyroplane of gyrotriangle A1A2A3 with gyrobarycentric representation
(251) P =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
so that, following Theorem 34, (241), the tangency point P± possesses the gyro-
barycentric representation
(252) P± =
m′1γA1A1 +m
′
2γA2A2 +m
′
3γA3A3
m′1γA1 +m
′
2γA2 +m
′
3γA3
with gyrobarycentric coordinates m′k, k = 1, 2, 3, given by (242) – (244).
Hence, by [26, Sect. 4.9] with N = 3,
γ⊖P⊕P± =
1
mPmP±
{
(m1m
′
2 +m
′
1m2)γ12 + (m1m
′
3 +m
′
1m3)γ13
+ (m2m
′
3 +m
′
2m3)γ23 + m1m
′
1 +m2m
′
2 +m3m
′
3} ,
(253)
where by [26, Eq. (4.27), p. 90] and the Gyrobarycentric representation Gyrocovari-
ance Theorem, [26, Theorem 4.6, pp. 90-91], the constantmP of the gyrobarycentric
representation (251) of P is given by
(254) m2P = (m1+m2+m3)
2+2(m1m2(γ12−1)+m1m3(γ13−1)+m2m3(γ23−1))
and where mP± is the constant of the gyrobarycentric representation (252) of P± ,
given by (245).
Inserting m′k, k = 1, 2, 3, from (242) – (244) into (253), we obtain the elegant
equation
(255) γ⊖P⊕P± =
m1 +m2 +m3
mP
.
The gyrolength of the gyrotangent gyrosegment PP± can readily be obtained
from (255). Indeed, following (255) and (4), p. 3, we have
(256) ‖⊖P⊕P±‖ = s
√
γ2⊖P⊕P± − 1
γ⊖P⊕P±
.
Unlike the gyrobarycentric coordinates m′k and the constant mP± in (253), the
gamma factor in (255) is free of the square root in (243) and (245). This implies
the gyrodistance equality
(257) ‖⊖P⊕P+‖ = ‖⊖P⊕P−‖ .
Following (254) – (256) we have
‖⊖P⊕P±‖ = s
√
γ2⊖P⊕P± − 1
γ⊖P⊕P±
= s
√
−2(m1m2(γ12 − 1) +m1m3(γ13 − 1) +m2m3(γ23 − 1))
m1 +m2 +m3
(258)
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Note that by Theorem 27, p. 46, the radicand on the extreme right-hand side of
(258) is positive (zero) if and only if the point P lies in the exterior of of circumgy-
rocircle C(A1A2A3) (if and only if the point P lies on C(A1A2A3)).
Formalizing results of this section, we obtain the following theorem.
Theorem 35. (Gyrocircle Gyrotangent Gyrolength).
(1) Let A1A2A3 be a gyrotriangle that possesses a circumgyrocircle C(A1A2A3)
in an Einstein gyrovector space (Rns ,⊕,⊗),
(2) let P ∈ Span{⊖A1⊕A2, ⊖A1⊕A3} ⊂ Rn be a point that lies in the exterior
of C(A1A2A3), given by its gyrobarycentric representation
(259) P =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to the set S = {A1, A2, A3}, and
(3) let P± represent collectively the two tangency points, P+ and P−, of the
two gyrotangent gyrolines drawn from P to circumgyrocircle C(A1A2A3),
as shown in Fig. 20.
Then, we have the following results:
(1) The tangency points P± possess the gyrobarycentric representations
(260) P± =
m′1γA1A1 +m
′
2γA2A2 +m
′
3γA3A3
m′1γA1 +m
′
2γA2 +m
′
3γA3
with gyrobarycentric coordinates m′k, k = 1, 2, 3, given by (242) – (244).
(2) The gyrolengths of the two gyroline gyrosegments PP+ and PP− are equal,
(261) ‖⊖P⊕P+‖ = ‖⊖P⊕P−‖ .
(3) The gamma factor of each of the two gyrosegments PP+ and PP− is given
by the equations
(262) γ⊖P⊕P± =
m1 +m2 +m3
mP
,
where mP is the constant of the gyrobarycentric representation of P with
respect to S.
(4) The gyrolength of each of the two gyrotangent gyrosegments PP+ and PP−
is given by
‖⊖P⊕P±‖ = s
√
γ2⊖P⊕P± − 1
γ⊖P⊕P±
= s
√
−2{m1m2(γ12 − 1) +m1m3(γ13 − 1) +m2m3(γ23 − 1)}
m1 +m2 +m3
.
(263)
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Figure 21. Illustrating the Circle Tangents Theorem 36. The
two tangency points P± of the circumcircle C(A1A2A3) of a triangle
A1A2A3 in a Euclidean plane R
2, which lie on the tangent lines that
pass through a point P that lies in the exterior of the circumcircle,
are shown. This figure is the Euclidean counterpart of Fig. 20.
21. Circle–Line Tangency Points
The Euclidean counterpart of the Gyrocircle Gyrotangents Theorem 34 is the
following elegant theorem, illustrated in Fig. 21:
Theorem 36. (The Circle Tangents Theorem). Let P ∈ R2 be a point given
by its barycentric representation
(264) P =
m1A1 +m2A2 +m3A3
m1 +m2 +m3
with respect to a barycentrically independent set S = {A1, A2, A3} in a Euclidean
plane R2, and let C(A1A2A3) be the circumcircle of triangle A1A2A3. Then the
two tangency points P± of the tangent lines of circumcircle C(A1A2A3) that pass
through the point P , when exist, are given by their barycentric representations
(265) P± =
m′1A1 +m
′
2A2 +m
′
3A3
m′1 +m
′
2 +m
′
3
,
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shown in Fig. 21. The barycentric coordinates of P± are given by the equations
m′1 = F0F1 sin
2 α1
m′2 = F1F2
m′3 = −F0F2 sin2 α3 ,
(266)
where
F0 = m1 sin
2 α3 +m3 sin
2 α1
F1 = {m1 sin2 α2 sin2 α3 ± sinα1 sinα2 sinα3
√
−∆} sin2 α1
F2 = {m3 sin2 α1 sin2 α2 ∓ sinα1 sinα2 sinα3
√
−∆} sin2 α3 ,
(267)
and where
(268) ∆ = m1m2 sin
2 α3 +m1m3 sin
2 α2 +m2m3 sin
2 α1 .
(1) Two distinct tangency points, P± , exist if and only if ∆ < 0 or, equivalently,
if and only if the point P lies in the exterior of the circumcircle C(A1A2A3),
as shown in Fig. 21.
(2) The two distinct tangency points degenerate to a single one, P± = P if
and only if ∆ = 0 or, equivalently, if and only if the point P lies on the
circumcircle C(A1A2A3).
(3) There are no tangency points if and only if ∆ > 0 or, equivalently, if and
only if the point P lies in the interior of the circumcircle C(A1A2A3).
(4) The lengths of the two tangent segments ‖−P +P+‖ and ‖−P +P+‖ are
equal, given by
(269) ‖ − P + P±‖ =
√
−{m1m2a212 +m1m3a213 +m2m3a223}
m1 +m2 +m3
.
Proof. We will show that each result of this theorem is the Euclidean limit of a
corresponding result of its hyperbolic counterpart, Theorem 34. Noting that in
the Euclidean limit, s → ∞, gamma factors tend to 1, the Euclidean limit of
the gyrobarycentric coordinates m′k, k = 1, 2, 3, in (241) – (244) is trivial. The
resulting barycentric coordinates vanish, giving rise to an indeterminate barycen-
tric representation. Thus, a straightforward application of the Euclidean limit to
the gyrobarycentric coordinates m′k in (241) – (244) in an attempt to recover the
corresponding barycentric coordinates m′k in (265) – (268) is destined to fail.
However, owing to their homogeneity, the gyrobarycentric coordinates m′k in
(241) – (244) can be written in a form that admits a Euclidean limit to a viable
barycentric coordinate system. Specifically, the following equivalent form, in which
each gyrobarycentric coordinate is multiplied by a common nonzero factor, is what
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we need, in which we replace m′k by m
′′
k:
m′′1 =
m′1
(γ12 − 1)4
=
F0
γ12 − 1
F1
(γ12 − 1)2
γ23 − 1
γ12 − 1
m′′2 =
m′2
(γ12 − 1)4
=
F1
(γ12 − 1)2
F2
(γ12 − 1)2
m′′3 =
m′3
(γ12 − 1)4
= − F0
γ12 − 1
F1
(γ12 − 1)2
γ12 − 1
γ12 − 1
,
(270)
where, by (243),
F0
γ12 − 1
= m1 +m3
γ23 − 1
γ12 − 1
:= F ′0
F1
(γ12 − 1)2
= m1
γ13 − 1
γ12 − 1
±
{ −∆1
γ12 − 1
∆2
(γ12 − 1)3
} 1
2
:= F ′1
F2
(γ12 − 1)2
= −m3 γ13 − 1
γ12 − 1
γ23 − 1
γ12 − 1
±
{ −∆1
γ12 − 1
∆2
(γ12 − 1)3
}1
2
:= F ′2 ,
(271)
and where
∆1
γ12 − 1
= m1m2 +m1m3
γ13 − 1
γ12 − 1
+m2m3
γ23 − 1
γ12 − 1
:= ∆′1
∆2
(γ12 − 1)3
=
γ13 − 1
γ12 − 1
γ23 − 1
γ12 − 1
:= ∆′2 .
(272)
Hence, by (270) – (272),
m′′1 = F
′
0F
′
1
γ23 − 1
γ12 − 1
m′′2 = F
′
1F
′
2
m′′3 = −F ′0F ′2 .
(273)
The gyrobarycentric coordinatesm′′k, k = 1, 2, 3, in (270) – (273) appear in a form
that admits a nontrivial Euclidean limit, s → ∞, by means of Lemma 10. Indeed,
one can readily show that the Euclidean limit of the gyrobarycentric coordinate
system m′′k in (273) turns out to be the barycentric coordinate system 266– (268),
in which we rename m′′k as m
′
k (k = 1, 2, 3), and F
′
k as Fk (k = 0, 1, 2).
Finally, it remains to prove (269). The length ‖−P+P±‖ of the tangent segment
PP± , shown in Fig. 21, is the Euclidean limit, s→∞, of the gyrolength ‖⊖P⊕P±‖
of the gyrotangent gyrosegment PP± , shown in Fig. 20,
(274) lim
s→∞
‖⊖P⊕P±‖ = ‖ − P + P±‖ .
64
PSfrag replacements
O
P1
P2
P3
P4
P5P6P7P8
Q1 Q2
Q3
Q4Q5Q6Q7Q8A1
A2
A3
A4
Figure 22. Circumgyrocevians. A circumgyrocevian, A3Qk,
k = 2, 3, . . . , 8, is a gyrocevian A3Pk of a gyrotriangle A1A2A3
in an Einstein gyrovector space, extended to the point Qk where
it meets the gyrotriangle circumgyrocircle. The kth circumgyro-
cevian A3Qk in this figure corresponds to the parameter value
t1 = 1/k of the parameter 0 < t1 < 1 in (276). The point A1
corresponds to t1 = 0, and the point A2 corresponds to t1 = 1.
Indeed, by (274), (263) and Lemma 10, p. 19, we have
‖ − P + P±‖ = lim
s→∞ ‖⊖P⊕P±‖
= lim
s→∞
√
−2s2{m1m2(γ12 − 1) +m1m3(γ13 − 1) +m2m3(γ23 − 1)}
m1 +m2 +m3
=
√
−{m1m2a212 +m1m3a213 +m2m3a223}
m1 +m2 +m3
,
(275)
where aij = ‖ −Ai +Aj‖, as desired. 
22. Circumgyrocevians
Definition 37. (Circumgyrocevians). A circumgyrocevian of a gyrotriangle is a
gyrocevian of the gyrotriangle extended to the point where it meets the gyrotriangle
circumgyrocircle, as shown in Fig. 22.
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The concept of the circumgyrocevian, together with its associated Theorem 38,
p. 67, is employed in Sect. 23 and, consequently, proves useful in the study of the
Intersecting Gyrochords Theorem 42, p. 75.
In this section we determine the circumgyrocevian associated with a given gyro-
cevian in an Einstein gyrovector space (Rns ,⊕,⊗).
Let P be a generic point of a gyrosegment A1A2 in an Einstein gyrovector space
(Rns ,⊕,⊗), as shown in Fig. 23. Then, P possesses the gyrobarycentric representa-
tion
(276) P =
(1− t1)γA1A1 + t1γA2A2
(1 − t1)γA1 + t1γA2
for any value of the parameter t1, 0 ≤ t1 ≤ 1. The parameter t1 determines
the location of the point P on gyrosegment A1A2, as shown in Fig. 22. Thus, in
particular, t1 = 0 gives P = A1, t1 = 1 gives P = A2, and t = 1/2 gives the
gyromidpoint MA1A2 of A1 and A2.
Applying the Gyrobarycentric Representation Gyrocovariance Theorem [26, The-
orem 4.6, pp. 90-91] with X = ⊖A1, we have
⊖A1⊕P = ⊖A1⊕
(1− t1)γA1A1 + t1γA2A2
(1− t1)γA1 + t1γA2
=
(1− t1)γ⊖A1⊕A1(⊖A1⊕A1) + t1γ⊖A1⊕A2(⊖A1⊕A2)
(1 − t1)γ⊖A1⊕A1 + t1γ⊖A1⊕A2
=
t1γ12a12
1 + (γ12 − 1)t1
,
(277)
where we use the gyrotriangle index notation (13).
Let A3P be the gyroray that emanates from the point A3 and passes through
the point P in the Einstein gyrovector space, as shown in Fig. 23. Gyrolines and
gyrorays in Einstein gyrovector spaces coincide with Euclidean segments, enabling
methods of linear algebra to be applied for solving intersection problems for gyro-
lines and gyrorays.
Let us consider the gyroray
(278) (⊖A1⊕A3)(⊖A1⊕P ) = a13(⊖A1⊕P )
that emanates from (⊖A1⊕A3) = a13 and passes through the point ⊖A1⊕P . This
ray is the left gyrotranslation by ⊖A1 of the gyroray A3P . By methods of linear
algebra, the points A(t) of the gyroray (278), parametrized by t, t ≥ 0, are given
by
(279) A(t) = a13(1− t) + (⊖A1⊕P )t .
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Equivalently, by means of (277), (279) can be written as
A(t) = a13(1− t) + t1γ12a12
1 + (γ12 − 1)t1
t
= m2γ12a12 +m3γ13a13 ,
(280)
where
m2 =
t1t
1 + (γ12 − 1)t1
m3 =
1− t
γ13
.
(281)
The set of points A(t), 0 ≤ t <∞, is the set of all points of the left gyrotranslated
gyroray (278) by ⊖A1. Hence, the set of points A1⊕A(t), 0 ≤ t < ∞, is the set of
all points of the original gyroray
(282) A3P = {A1⊕A(t) : 0 ≤ t <∞} ,
which is of interest as indicated in Figs. 22 – 24.
Noting that ⊖A1⊕A1 = 0 and γ0 = 1, (280) can be written as
(283)
A(t) =
m1γ⊖A1⊕A1(⊖A1⊕A1) +m2γ⊖A1⊕A2(⊖A1⊕A2) +m3γ⊖A1⊕A3(⊖A1⊕A3)
m1γ⊖A1⊕A1 +m2γ⊖A1⊕A2 +m3γ⊖A1⊕A3
,
where m1 is determined by the condition
(284) m1 +m2γ12 +m3γ13 = 1
that insures that (283) and (280) are identically equal.
Solving (284) for m1, where m2 and m3 are given by (281), we have
(285) m1 =
(1− t1)t
1 + (γ12 − 1)t1
.
By means of the Gyrobarycentric Representation Gyrocovariance Theorem [26,
Theorem 4.6, pp. 90-91] with X = ⊖A1, (283) can be written as
(286) A(t) = ⊖A1⊕
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
,
where m1,m2 and m3 are given by (285) and (281).
Following (286) we have, by a left cancellation,
(287) Q(t) := A1⊕A(t) =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
,
where the set of points Q(t) = A1⊕A(t), 0 ≤ t <∞, forms the gyroray A3P , (282),
shown in Fig. 23.
We have thus obtained in (287) the gyrobarycentric representation with respect to
{A1, A2, A3} of each point Q(t) of the gyroray A3P . We now wish to determine the
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unique point of the gyroray A3P , other than A3, that lies on the circumgyrocircle
of gyrotriangle A1A2A3 in Fig. 23.
By the Gyrocircle Gyrobarycentric Representation Theorem 27, p. 46, a point
Q(t) of the gyroray A3P in (287) lies on the circumgyrocircle of a gyrotriangle
A1A2A3 if and only if the gyrobarycentric coordinates mk, k = 1, 2, 3, of Q(t) in
(287) satisfy the circumgyrocircle condition (203).
Accordingly, we substitute m1.m2.m3 from (285) and (281) into (203), obtaining
a linear equation for the unknown t, the solution t = t0 of which is substituted into
(285) and (281), obtaining gyrobarycentric coordinates m1.m2.m3 for the point
Q = Q(t0) that lies on the circumgyrocircle of gyrotriangle A1A2A3, shown in
Figs. 22 – 24. Finally, by removing an irrelevant nonzero common factor of the
gyrobarycentric coordinates, we obtain the gyrobarycentric coordinates of Q,
m1 = {γ13 − 1 + (γ23 − γ13)t1}(1− t1)
m2 = {γ13 − 1 + (γ23 − γ13)t1}t1
m3 = −(γ12 − 1)(1− t1)t1 ,
(288)
where t1, 0 < t1 < 1, is a parameter that determines by (276) the location of the
point P on the gyrochord A1A2 of the circumgyrocircle of gyrotriangle A1A2A3 in
Fig. 23.
The point Q, given by (287) with gyrobarycentric coordinates given by (288) is
thus the only point of gyroray A3P , other than A3, that lies on the circumgyrocir-
cle of gyrotriangle A1A2A3 in Fig. 23. Formalizing, we thus obtain the following
theorem:
Theorem 38. (The Circumgyrocevian Theorem). Let A3P be a gyrocevian
of a gyrotriangle A1A2A3 in an Einstein gyrovector space (R
n
s ,⊕,⊗), n ≥ 2, and
let A3Q be its corresponding circumgyrocevian, as shown in Fig. 23. Furthermore,
let
(289) P =
(1− t1)γA1A1 + t1γA2A2
(1 − t1)γA1 + t1γA2
be the gyrobarycentric representation of P with respect to the gyrobarycentrically
independent set {A1, A2} where the location of P on the circumgyrocircle gyrochord
A1A2 is determined by the parameter t1,
(290) 0 ≤ t1 ≤ 1 .
Then, the point Q possesses the gyrobarycentric representation
(291) Q =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to the gyrobarycentrically independent set {A1, A2, A3}, where the
gyrobarycentric coordinates m1,m2,m3 are given by
m1 = {γ13 − 1 + (γ23 − γ13)t1}(1− t1)
m2 = {γ13 − 1 + (γ23 − γ13)t1}t1
m3 = −(γ12 − 1)(1− t1)t1 .
(292)
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Figure 23. Illustrating the Circumgyrocevian Theorem 38, p. 67,
and the Intersecting Gyrochords Theorem 42, p. 75. A circumgy-
rocevian, A3Q, is shown. It is a gyrocevian A3P of a gyrotriangle
A1A2A3 in an Einstein gyrovector space (R
n
s ,⊕,⊗), n ≥ 2, ex-
tended to the point Q where it meets the gyrotriangle circumgy-
rocircle. With A4 = Q, this figure presents two gyrochords, A1A2
and A3A4 = B1B2, of a gyrocircle, intersecting at a point P inside
the gyrocircle. Here, the point Q ∈ Rns is determined by its gyro-
barycentric representation (291) in Theorem 38. This figure is the
hyperbolic counterpart of Fig. 24.
Example 39. For t1 = 0 the gyrobarycentric coordinates in (292) specialize to
m1 = γ13 − 1 > 0 and m2 = m3 = 0 implying, by (291), Q = A1.
Example 40. For t1 = 1 the gyrobarycentric coordinates in (292) specialize to
m2 = γ23 − 1 > 0 and m1 = m3 = 0 implying, by (291), Q = A2.
Exploring the Euclidean limit of the Circumgyrocevian Theorem 38, we obtain
the following Circumcevian Theorem:
Theorem 41. (The Circumcevian Theorem). Let A3P be a Cevian of a tri-
angle A1A2A3 in a Euclidean space R
n, n ≥ 2, and let A3Q be its corresponding
circumcevian, as shown in Fig. 24. Furthermore, let
(293) P = (1− t1)A1 + t1A2
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Figure 24. Illustrating the Circumcevian Theorem 41, p. 68, and
the Intersecting Chords Theorem 43, p. 76. A circular cevian, A3Q,
is shown. It is a cevian A3P of a triangle A1A2A3 in a Euclidean
space Rn, n ≥ 2, extended to the point Q where it meets the
triangle circumcircle. This figure presents two chords, A1A2 and
A3Q, of a circle, intersecting at a point P inside the circle. Here,
the point Q ∈ Rn is determined by its barycentric representation
(295) in Theorem 41. This figure is the Euclidean counterpart of
Fig. 23.
be the barycentric representation of P with respect to the barycentrically inde-
pendent set {A1, A2}, so that the location of P on the circumcircle chord A1A2 is
determined by the parameter t1,
(294) 0 ≤ t1 ≤ 1 .
Then, the point Q possesses the barycentric representation
(295) Q =
m1A1 +m2A2 +m3A3
m1 +m2 +m3
with respect to the barycentrically independent set {A1, A2, A3}, where the barycen-
tric coordinates m1,m2,m3 are given by
m1 = {sin2 α2 + t1 sin(α1 − α2) sin(α3}(1− t1)
m2 = {sin2 α2 + t1 sin(α1 − α2) sin(α3}t1
m3 = −(1− t1)t1 sin2 α3 ,
(296)
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where αk, k = 1, 2, 3, are the corresponding angles of triangle A1A2A3.
Proof. In the Euclidean limit, s→∞, the gyrobarycentric representation of P ∈ Rns
in (289) – (290) reduces to the corresponding barycentric representations of P ∈ Rn
in (293) – (294).
Obviously, in that Euclidean limit, the gyrobarycentric representation of Q ∈ Rns
in (291) reduces to its corresponding barycentric representation of Q ∈ Rn in (295).
Hence, it remains to show that the gyrobarycentric coordinatesmk, k = 1, 2, 3, of
Q ∈ Rns in (292) tend to their corresponding barycentric coordinatesmk, k = 1, 2, 3,
of Q ∈ Rn in (296).
In the Euclidean limit, s→∞, gamma factors tend to 1. Hence, straightforward
Euclidean limits of mk, k = 1, 2, 3, in (292), as s → ∞, give vanishing barycen-
tric coordinates, mk = 0, k = 1, 2, 3, resulting in an indeterminate barycentric
representation of type 0/0.
However, owing to the homogeneity of gyrobarycentric coordinates, the gyro-
barycentric coordinates mk = 0, k = 1, 2, 3, of Q in (291) – (292) can be written in
the following form, which admits the Euclidean limit as s→∞,
m1 =
{
γ13 − 1
γ12 − 1
+
γ23 − γ13
γ12 − 1
t1
}
(1− t1)
m2 =
{
γ13 − 1
γ12 − 1
+
γ23 − γ13
γ12 − 1
t1
}
t1
m3 = −(1− t1)t1 .
(297)
Indeed, following Euclidean limits that can be derived from Lemma 10, we have
the Euclidean limits
lim
s→∞
γ13 − 1
γ12 − 1
=
sin2 α2
sin2 α3
lim
s→∞
γ23 − γ13
γ12 − 1
=
sin(α1 − α2)
sinα3
.
(298)
Hence, in the Euclidean limit, s → ∞, the gyrobarycentric coordinates mk,
k = 1, 2, 3, of Q ∈ Rns in (297) tend to the following barycentric coordinates of
Q ∈ Rn,
m1 =
{
sin2 α2
sin2 α3
+
sin(α1 − α2)
sinα3
t1
}
(1− t1)
m2 =
{
sin2 α2
sin2 α3
+
sin(α1 − α2)
sinα3
t1
}
t1
m3 = −(1− t1)t1 .
(299)
Owing to their homogeneity, the barycentric coordinates (299) of Q ∈ Rn can be
written as (296), as desired. 
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23. Gyrodistances Related to the Gyrocevian
In order to prepare the stage for the Intersecting Gyrochords Theorem 42, p. 75,
in this section we calculate the gyrodistance between Ak and the gyrocevian foot
P , k = 1, 2, 3, of a gyrotriangle A1A2A3, shown in Fig. 23.
Let A1A2A3 be a gyrotriangle that possesses a circumgyrocircle in an Einstein
gyrovector space (Rns ,⊕,⊗), and let P , given by (289), be a generic point of the
interior of chord A1A2 of the circumgyrocircle, as shown in Fig. 23.
Applying the Gyrobarycentric Representation Gyrocovariance Theorem [26, The-
orem 4.6, pp. 90-91] to the gyrobarycentric representation (289) of P , using the
gyrotriangle index notation (13), p. 7, we have
⊖A1⊕P = t1γ12a12
(1 − t1) + t1γ12
⊖A2⊕P = (1 − t1)γ12a21
(1 − t1)γ12 + t1
⊖A3⊕P = (1 − t1)γ13a31 + t1γ23a23
(1− t1)γ13 + t1γ23
(300)
and
γ|A1P | = γ⊖A1⊕P =
(1 − t1) + t1γ12
mP
γ|A2P | = γ⊖A2⊕P =
(1 − t1)γ12 + t1
mP
γ|A3P | = γ⊖A3⊕P =
(1 − t1)γ13 + t1γ23
mP
,
(301)
where mP > 0 is the constant of the gyrobarycentric representation (289) of P with
respect to the set {A1, A2}, given by
(302) m2P = (1− t1)2 + t21 + 2(1− t1)t1γ12 = 1 + 2(γ12 − 1)(1− t1)t1 .
By Identity (4), p. 3, and (301) and straightforward algebra, we have
1
s2
γ2|A1P ||A1P |2 = γ2|A1P | − 1 =
(γ212 − 1)t21
1 + 2(γ12 − 1)(1− t1)t1
1
s2
γ2|A2P ||A2P |2 = γ2|A2P | − 1 =
(γ212 − 1)(1− t1)2
1 + 2(γ12 − 1)(1− t1)t1
1
s2
γ2|A3P ||A3P |2 = γ2|A3P | − 1 =
{γ13(1− t1) + γ23t1}2
1 + 2(γ12 − 1)(1− t1)t1
− 1 .
(303)
The equations in (303) prove useful in the proof of Theorem 42, p. 75.
Finally, by means of Identity (4), p. 3, it follows from (303) that the squared
gyrodistances |AkP |2 = ‖⊖Ak⊕P‖2 between Ak and P , k = 1, 2, 3, are given by
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the equations
1
s2
‖⊖A1⊕P‖2 = (γ
2
12 − 1)t21
{(γ12 − 1)t1 + 1}2
1
s2
‖⊖A2⊕P‖2 = (γ
2
12 − 1)(1− t1)2
{γ12(1 − t1) + t1}2
1
s2
‖⊖A3⊕P‖2 = 1− 2(γ12 − 1)(1− t1)t1 + 1{γ13(1− t1) + γ23t1}2
.
(304)
It is clear from the first and the second equations in (304) that |A1P | = 0 when
t1 = 0 and |A2P | = 0 when t1 = 1. Hence, P = A1 when t1 = 0 and P = A2 when
t1 = 1, as indicated in Fig. 23.
24. A Gyrodistance Related to the Circumgyrocevian
In order to prepare the stage for the Intersecting Gyrochords Theorem 42, p. 75,
in this section we calculate the gyrodistance |PQ| = ‖⊖P⊕Q‖ between the gyroce-
vian foot P and the circumgyrocevian foot Q of a gyrotriangle A1A2A3, shown in
Fig. 23, p. 68.
By Theorem 38, the point Q, shown in Fig. 23, is given by its gyrobarycentric
representation, (291),
(305a) Q =
m1γA1A1 +m2γA2A2 +m3γA3A3
m1γA1 +m2γA2 +m3γA3
with respect to the set {A1, A2, A3}, where, (292),
m1 = {γ13 − 1 + (γ23 − γ13)t1}(1− t1)
m2 = {γ13 − 1 + (γ23 − γ13)t1}t1
m3 = −(γ12 − 1)(1− t1)t1
(305b)
and the point P is given by its gyrobarycentric representation, (289),
(306a) P =
m′1γA1A1 +m
′
2γA2A2
m′1γA1 +m
′
2γA2
,
where
m′1 = 1− t1
m′2 = t1 ,
(306b)
0 < t1 < 1.
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Hence, by [26, Sect. 4.9] with N = 3,
γ⊖P⊕Q =
1
mPmQ
{
(m1m
′
2 +m
′
1m2)γ12 + (m1m
′
3 +m
′
1m3)γ13
+ (m2m
′
3 +m
′
2m3)γ23 + m1m
′
1 +m2m
′
2 +m3m
′
3}
=
1
mPmQ
{
(m1m
′
2 +m
′
1m2)γ12 +m
′
1m3γ13 +m
′
2m3γ23 +m1m
′
1 +m2m
′
2
}
(307)
noting that m′3 = 0 in the gyrobarycentric representation of P in (306).
As we see from the gyrobarycentric representation constant associated with the
Gyrobarycentric Representation Gyrocovariance Theorem [26, Theorem 4.6, pp. 90-
91], and by (305b) and (306b), mQ > 0 and mP > 0 are given by
m2Q = m
2
1 +m
2
2 +m
2
3 + 2(m1m2γ12 +m1m3γ13 +m2m3γ23)
= {(γ13 − 1)(1− t1) + (γ23 − 1)t1 − (γ12 − 1)(1− t1)t1}2
m2P = (m
′
1)
2 + (m′2)
2 + 2m′1m
′
2γ12
= 1 + 2(γ12 − 1)(1− t1)t1 ,
(308)
noting that m2P > 0 for all 0 < t1 < 1. Also m
2
Q > 0 for all 0 < t1 < 1 according
to the Circumgyrocenter Theorem 4, p. 11, since gyrotriangle A1A2A3 possesses a
circumgyrocircle on which the point Q lies, as shown in Fig. 23.
In (308), m2Q is a perfect square in the sense that it appears in (308) as a squared
polynomial function. Since mQ > 0, we have
(309) mQ = (γ13 − 1)(1− t1) + (γ23 − 1)t1 − (γ12 − 1)(1− t1)t1 > 0 ,
where, indeed, mQ > 0 for all 0 ≤ t1 ≤ 1.
Substituting (305b) and (306b) into (307) and squaring, we obtain γ 2⊖P⊕Q and,
hence, γ 2⊖P⊕Q − 1 expressed in terms of gamma factors and the parameter t1,
0 < t1 < 1,
1
s2
γ 2|PQ||PQ|2 = γ 2⊖P⊕Q − 1
=
(γ12 − 1)2{[γ13(1− t1) + γ23t1]2 − 2(γ12 − 1)(1− t1)t1 − 1}(1− t1)2t21
{2(γ12 − 1)(1− t1)t1 + 1}{(γ12 − 1)(1− t1)t1 − γ13(1 − t1)− γ23t1 + 1}2
,
(310)
noting (4), p. 3. The extreme sides of (310) prove useful in the proof of Theorem
42, p. 75.
Substituting γ 2⊖P⊕Q from (310) into Identity, (4), p. 3,
(311) |PQ|2 := ‖⊖P⊕Q‖2 = s2 γ
2
⊖P⊕Q − 1
γ 2⊖P⊕Q
,
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we obtain the desired gyrodistance,
(312a)
1
s2
‖⊖P⊕Q‖2 = (γ12 − 1)
2{[γ13(1− t1) + γ23t1]2 − 2(γ12 − 1)(1− t1)t1 − 1}(1− t1)2t21
D2
,
where
D = γ13 − 1 + (γ12 − 1)γ13t1 − 2(γ12 − 1)(1− t1)t1 − (γ12 − 1)γ23t21
+ (γ13 − γ23){−γ12 + (γ12 − 1)(1− t1)2}t1 .
(312b)
25. Circumgyrocevian Gyrolength
In order to prepare the stage for the Intersecting Gyrochords Theorem 42, p. 75,
in this section we calculate the gyrodistance |A3Q| = ‖⊖A3⊕Q‖ between vertex
A3 and its opposing circumgyrocevian foot Q of a gyrotriangle A1A2A3, shown in
Fig. 23, p. 68.
Let A3Q be a circumgyrocevian of a gyrotriangle A1A2A3 in an Einstein gyrovec-
tor space (Rns ,⊕,⊗), as shown in Fig. 23, so that the gyrobarycentric representation
of Q with respect to the gyrobarycentrically independent set {A1, A2, A3} is given
by (305).
Applying the Gyrobarycentric Representation Gyrocovariance Theorem [26, The-
orem 4.6, pp. 90-91] with X = ⊖A3 to the gyrobarycentric representation (305a) of
Q, and using the gyrotriangle index notation, (13), p. 7, we have
⊖A3⊕Q =
m1γ⊖A3⊕A1(⊖A3⊕A1) +m2γ⊖A3⊕A2(⊖A3⊕A2) +m3γ⊖A3⊕A3(⊖A3⊕A3)
m1γ⊖A3⊕A1 +m2γ⊖A3⊕A2 +m3γ⊖A3⊕A3
=
m1γ13a31 +m2γ23a32
m1γ13 +m2γ23 +m3
(313)
and
(314) γ⊖A3⊕Q =
m1γ13 +m2γ23 +m3
mQ
,
where mQ > 0 is the constant of the gyrobarycentric representation (305) of Q,
given by (309).
Substituting m1,m2,m3 from (305b) and mQ from (309) into (314), we obtain
the equation
(315)
γ⊖A3⊕Q =
γ13(γ13 − 1)(1− t1) + γ23(γ23 − 1)t1 − {γ12 − 1 + (γ13 − γ23)2}(1− t1)t1
(γ13 − 1)(1− t1) + (γ23 − 1)t1 − (γ12 − 1)(1− t1)t1
.
Equation (315) proves useful in the proof of Theorem 42 in Sect. 26.
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Finally, the gyrolength ‖⊖A3⊕Q‖ of the circumgyrocevian A3Q of gyrotriangle
A1A2A3 in Fig. 23 is obtained from (315) by means of (4), p. 3,
1
s2
‖⊖A3⊕Q‖2 =
γ 2⊖A3⊕Q − 1
γ 2⊖A3⊕Q
=
{γ213t2 + γ223t1 − 1− [2(γ12 − 1) + (γ23 − γ13)2]t2t1}{γ13 − 1 + (γ23 − γ13)t1}2
{γ13(γ13 − 1)t2 + γ23(γ23 − 1)t1 − {γ12 − 1 + (γ13 − γ23)2}t2t1}2
,
(316)
where t2 = 1− t1, 0 < t1 < 1.
26. The Intersecting Gyrochords Theorem
Following Sects. 23 – 25, we are now in the position to prove the Intersecting
Gyrochords Theorem.
Theorem 42. (The Intersecting Gyrochords Theorem). If two gyrochords,
A1A2 and B1B2, of a gyrocircle in an Einstein gyrovector space (R
n
s ,⊕,⊗) intersect
at a point P , as shown in Fig. 25. then
(317)
γ|PA1||PA1|γ|PA2||PA2|
γ|A1A2| + 1
=
γ|PB1||PB1|γ|PB2||PB2|
γ|B1B2| + 1
.
Proof. As a matter of notation we have
|A1A2| = ‖⊖A1⊕A2‖ = γ12
|B1B2| = |A3Q| ,
(318)
where we use the notation in Fig. 23 in which, in particular, B1 = A3 and B2 = Q.
Hence, noting that each side of (317) is positive, it can be written equivalently
as
(319)
(
γ|PA1||PA1|γ|PA2||PA2|
γ12 + 1
)2
=
(
γ|PA3||PA3|γ|PQ||PQ|
γ|A3Q| + 1
)2
,
where |PA1| = |A1P | is the gyrolength ‖⊖P⊕A1‖ of gyrosegment PA1, etc.
Substituting into (319)
(1) (γ|PAk||PAk|)2, k = 1, 2, 3, from (303) in Sect. 23, and
(2) (γ|PQ||PQ|)2 from (310) in Sect. 24, and
(3) γ|A3Q| from (315) in Sect. 25,
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Figure 25. The Intersect-
ing Gyrochords Theorem 42 in
the hyperbolic plane (R2s,⊕,⊗).
Two intersecting gyrochords of a
gyrocircle, A1A2 and B1B2, are
shown in this hyperbolic coun-
terpart of Fig. 26.
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Figure 26. The Intersecting
Chords Theorem 43 in the Eu-
clidean plane R2. Two intersect-
ing chords of a circle, A1A2 and
B1B2, of a circle are shown. This
figure is the Euclidean counter-
part of Fig. 25.
we find that Identity (319) is valid, each side of which being equal to the right-hand
side of each of the two equations in (320) below,(
γ|PA1||PA1|γ|PA2||PA2|
γ12 + 1
)2
= s4
(
(γ212 − 1)(1− t1)t1
2(γ212 − 1)(1− t1)t1 + 1
)2
(
γ|PA3||PA3|γ|PQ||PQ|
γ|A3Q| + 1
)2
= s4
(
(γ212 − 1)(1− t1)t1
2(γ212 − 1)(1− t1)t1 + 1
)2
.
(320)
The two equations in (320) share the right-hand sides, so that the proof of (319)
and, hence, of (317), is complete. 
In the Euclidean limit, s → ∞, gyrolengths of gyrosegments tend to lengths of
corresponding segments and gamma factors tend to 1. Hence, in that limit, the In-
tersecting Gyrochords Theorem 42 reduces to the following well-known Intersecting
Chords Theorem of Euclidean geometry:
Theorem 43. (The Intersecting Chords Theorem). If two chords, A1A2 and
B1B2, of a circle in a Euclidean space R
n intersect at a point P , as shown in Fig. 26,
then
(321) |PA1||PA2| = |PB1||PB2| .
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Our ambiguous notation that emphasizes analogies between hyperbolic and Eu-
clidean geometry should raise no confusion. Thus, in particular, one should note
that
(1) in the Intersecting Gyrochords Theorem 42, |PA1| is the gyrolength,
(322) |PA1| = ‖⊖P⊕A1‖ ,
of gyrosegment PA1, etc., while, in contrast,
(2) in the Intersecting Chords Theorem 43, |PA1| is the length,
(323) |PA1| = ‖ − P +A1‖ ,
of segment PA1, etc.
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